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Abstract

Sampling methods are an indispensable tool for Bayesian inference, as they provide a
flexible and asymptotically exact approximation to the intractable posterior in an out-
of-the-box way. These methods generate or update the samples by simulating a dynami-
cal process, which is a construct on a space with certain geometry. Non-Euclidean
geometry has long been incorporated in Bayesian inference and continues to generate
impact. It is considered either (1) directly due to that the target distribution is defined
on a non-Euclidean manifold, or (2) for a proper dynamics that respects the geometry
of a distribution space. In this chapter, we review the background and some recent prog-
ress on the interplay between geometry and sampling methods. We consider two major
classes of sampling methods: Markov chain Monte Carlo (MCMC) and particle-based
variational inference (ParVI). For MCMC, we cover some dynamics on manifolds
and their simulation for both cases (1) and (2). For ParVI, we describe its geometric
interpretation under the view of case (2), and introduce the variants that the interpreta-
tion inspires, including those for case (1).

Keywords: Bayesian inference, Riemannian geometry, Markov chain Monte Carlo,
Particle-based variational inference

1 Geometry consideration in sampling: Why bother?

Bayesian inference is the central task in Bayesian modeling. Given a prior dis-
tribution po(x) of a latent variable x and a likelihood distribution p(ol|x) that
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links x to an observation/data variable o, the task is to approximate the poste-
rior distribution p(x|o) of the latent variable x given an observation value o.

By Bayes’ rule, we know that p(x|o) =2 "(';)(’Z) ()om = fp "((x))p ((vll-*’; —. but the task
po(xX)p(olx

is still highly intractable due to the commonly high-dimensional integral.
Sampling methods are a natural fit to Bayesian inference. On one hand, the
most common expectation on a posterior approximator is to estimate an
expectation of a function under the posterior. With samples of the posterior,
this can be conveniently estimated using the average of the function values
on the samples. On the other hand, sampling methods often allow an unnorma-
lized density function of the target distribution, which is the case in Bayesian
inference: p(x|o) o< po(x)p(o|x), so there is an easily accessible unnormalized
density.

Commonly the latent variable is represented as a vector in a Euclidean
space. But in many applications, the latent variable may be more appropriate
to be defined in a non-Euclidean (“curly”/“nonflat”) space, often formalized
as a manifold. This is the first case for considering non-Euclidean geometry
in sampling methods. For example, in some applications we only care about
the direction of a data vector while its magnitude does not convey useful
information. The vector is thus normalized and lies in a hypersphere

S"':={xe€R"x"x=1}. This includes the common “term frequency—
inverse document frequency” (tf—idf ) feature representing a document by a
weighted term (i.e., word) distribution in it, which is normalized. More
instances can be found in geology and bioinformatics, which leads to the
study of directional/orientational statistics. Modeling such data often requires
the latent variable also be in the hypersphere,” leading to the sampling task
on a hypersphere. For tf—idf feature, spherical admixture model (Reisinger
et al., 2010) confines the “topic” latent vectors also on the hypersphere. Hyper-
spherical latent vector is also used in variational autoencoder (Davidson et al.,
2018), which improves the performance for hyperspherical data and also enables
an uninformative prior that helps better clustering for the usual Euclidean data.
Lan et al. (2014) considered sampling from a general norm-constrained space by
converting the space to a hypersphere.

Another example is latent variables on a simplex A""!:= {x € (R*)"|
S x' = 1},” which is common since it is where the probability parameter of
a categorical likelihood lives. Although the simplex is flat, people often desire
a parameterization using (n — 1) free/unconstrained parameters, which is a non-
linear representation of the space (Beck and Teboulle, 2003; Patterson and Teh,
2013). For more examples, in matrix completion (e.g., recommender system),
the matrix is often seen as being generated from a singular-value decomposition
form to handle the rank constraint (Salakhutdinov and Mnih, 2008; Song and

“This can be promoted from the fact that hyperspheres are not homeomorphic to Euclidean spaces.
"The superscript i here represents the contravariant index of a vector x, but not the exponent.
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Zhu, 2016; Yanush and Kropotov, 2019). Under a Bayesian treatment, this leads
to inferring latent variable on the set of orthogonal matrices (may not be in a
squared shape), called the Stiefel manifold (James, 1976; Stiefel, 1935). Some
works on variational autoencoders (Grattarola et al., 2018; Mathieu et al.,
2019; Nagano et al., 2019; Ovinnikov, 2019) take a hyperbolic latent space for
tree-structured data, due to their similar geometry that the volume (resp. number
of nodes) grows exponentially with the distance to the origin (resp. the distance
to the root node). Some recent works also consider endowing the latent space
with the pulled-back metric from the data space so that the induced geometry
objects such as gradient, geodesic (Arvanitidis et al., 2018, 2019; Chen et al.,
2018b), exponential map (Shao et al., 2018), and isotropic Gaussian (Kalatzis
et al., 2020) in the latent space follow the data-manifold geometry, which make
operations such as interpolation in the latent space represent a semantic
meaning.

The manifold perspective is more common for Bayesian methods than one
may expect, as the concept of information geometry (Amari, 1998, 2016;
Amari and Nagaoka, 2007) introduces a “natural” metric to the latent space
(even for Euclidean latent space). Noting that each value of the latent variable
x defines a likelihood distribution p(o|x) on the observation variable o, the dif-
ference between x values may be more naturally measured by the difference
between the distributions they define (see Fig. 1). If the infinitesimal distribu-
tion difference is measured by the KL divergence, the induced latent space
metric is the Fisher—Rao metric, which is invariant to reparameterization.
The well-known natural gradient (Amari, 1998; Khan and Nielsen, 2018) is
the gradient under this metric, which is the fastest ascending direction of a
distribution objective function, and remains the same under any parameteriza-
tion of the distribution. Using natural gradient in optimization often achieves
a much faster convergence.

X% X1 X

X

FIG. 1 Information geometry as an example of the second case for considering geometry in
sampling methods: to respect the geometry of a distribution space. The difference between latent
variable values x;, x, is more appropriately measured as the difference between the likelihood dis-
tributions p(o|x,), p(o|x,) they define. Equally separated x;, x, pairs in the latent space X may be
differently separated in the distribution space M.
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Information geometry is the first example of the second case for considering
geometry in sampling methods, i.e., to respect the geometry of a distribution
space. Such a consideration is also the underlying principle of particle-based
variational inference (ParVI) methods, which are a relatively new and fast-
developing branch of sampling methods. In contrast to conventional MCMC
methods, ParVI methods use a deterministic dynamics to iteratively update a
fixed-sized set of particles (i.e., samples) toward the target distribution, and
can often achieve a better sample efficiency. The dynamics is chosen to fastest
descending the difference between the particle distribution and the target distri-
bution under some metric, which is formally the gradient flow of the difference
function on a certain space of distributions. Studying the geometry of the dis-
tribution space as a manifold then reveals the assumptions and convergence
analysis of ParVI, and also draws the link to general MCMC dynamics. The geo-
metric understanding also inspires ParVI variants that converge faster, produce
more accurate approximations, and handles non-Euclidean latent space.

This review is organized as follows. We first introduce basic concepts of
manifold in Section 2. We then describe general MCMC dynamics in
Section 3.1, followed by MCMC instances on manifolds in Section 3.2 which
can be simulated in the coordinate space of the manifold. For some manifolds,
simulation in their embedded space is advantageous, as shown in Section 3.3.
Next, we introduce ParVI methods starting with perhaps the most popular
instance [Stein variational gradient descent (SVGD)] in Section 4.1. After intro-
ducing some background knowledge in Section 4.2, we present in Section 4.3
the geometric interpretation as the gradient flow on certain distribution spaces,
which reveals the assumptions and convergence analysis of ParVI. This interpre-
tation also draws the link to general MCMC dynamics as we show in
Section 4.4, and inspires ParVI variants that converge faster, produce more
accurate approximations, and handles non-Euclidean latent space as shown in
Section 4.5.

2 Manifold and related concepts

In this part we introduce some basic concepts pertaining to manifold. The
concept of manifold is a generalization of vector spaces, which allows a
“curly” intuition and spacial heterogeneity. The so-called Riemannian mani-
fold introduces a light structure but which then induces almost all counterparts
of common concepts in an inner-product space, which enables tractable com-
putation. We focus on the scheme and intuition of the concepts and include
relations to linear space when possible. See formal textbooks (e.g., Abraham
et al., 2012; Do Carmo, 1992; Nicolaescu, 2007; Romano, 2007) for a com-
plete introduction.

2.1 Manifold

A common intuitive description of an m-dimensional manifold M is that it is
a space that locally looks like the m-dimensional Euclidean space R™. It is
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FIG. 2 Tllustration of the concepts of manifold and coordinate system. (A) Concept of manifold
and local coordinate system. (B) Intersecting coordinates for characterizing a smooth manifold.

formally defined as a topological space,” any point on which has a neighbor-
hood Z homeomorphic to a Euclidean open subset  C R”, meaning that there
is a continuous bijection ® : Z — Q whose inverse is also continuous (such @
is called a homeomorphism) (see Fig. 2A). By definition, around any point the
manifold can be locally represented using an m-dimensional coordinate
x=®(x) e R", so (Z,D) is called a local coordinate system, and Q a coordi-
nate space. A function f : M — R on the manifold can also be concretized as a
usual multivariate function f o @' :R” — R, which holds the same continuity
as f. This is what formalizes the intuition “locally looks like the Euclidean
space.” Note that for some manifolds there is no global coordinate system,
e.g., the hypersphere S" ! := {x € R"|x"x =1}, since it is not homeomorphic
to any Euclidean space.

The definition for now covers the continuity of the manifold, but we often
also care about differentiability and smoothness. A smooth manifold is
expected to define smooth functions on it. For a function f, its smoothness
around a point x can be characterized by that of its coordinate version
fod !:R" - R. To make a consistent characterization independent of
the choice of coordinate system, under any other coordinate system (7, ¥)
containing x (Fig. 2B), the multivariate function f o ¥~' should have the same
smoothness as f o ®~'. This requires the coordinate conversions ¥ o @' and
® o ¥! be smooth as R” — R” functions. Such coordinate systems are
called compatible, and the manifold M is called smooth if there is a set of
compatible coordinate systems that covers M. The differentiability/smooth-
ness of a function f or a curve y. : [a,b] — M on a smooth manifold can be
consistently determined by that of f o ® 1 :R” —R" or t— ®(y,): R — R™.

A topological space is a set with a fopology, which is roughly a set of abstract open subsets
(containing () and the entire set, closed under finite intersection and countable union), enabling
the definitions of neighborhood, limit, and continuity. Commonly for defining a manifold, the
topological space requires second-countable (the topology can be generated from a countable
set of open subsets) and second-separable (any two points have nonintersecting neighborhoods).
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Denote the set of smooth functions on M as C*(M). Since common mani-
folds are smooth and common objects of interest are defined on smooth mani-
folds, we focus on smooth manifolds and smooth functions hereafter, and still
call them “manifold” and “function” for brevity.

2.2 Tangent vector and vector field

(See Fig. 3 for the relations among the introduced concepts in this and the
next subsection.) Fundamental geometric descriptions of the manifold and
algorithmically concerned dynamics (e.g., gradient descent and Langevin
dynamics analogies) calls for the concept of tangent vector. In R™ the tangent
vector at a point yo on a smooth curve (y,), (Fig. 4A) is the limiting vector

2
: dr

- lim —o 7 (¥4 — 7o), which holds the meaning of the velocity of
1=l

a particle moving along the curve. Unfortunately on manifolds there is no vec-
tor subtraction (yet). For another characterization, note that the curve induces

a directional derivative of a function f at yo as $ f(y(r)) ’ o> Which is, by the
.~ Vi(70)0:f (7o), where o is short for 2 f(x', ..., x™),

and we have used Einstein’s summation convention that the index repeated in
both a subscript and a superscript (e.g., i here) is summed over automatically

chain rule, 9;f (70)dd—y,£
£

r € T* v Yedge product du € NFHITI M
x ———

d un€ NeT; M
v ETM tensor pro (v(l),-u,v(k))
xXeM R

FIG. 3 Relations among some concepts on a manifold M. A symbol just above a curly arrow
represents an instance of the map. See Sections 2.2 and 2.3 for details.

m i
R / P W)
i
")
FIG. 4 Tllustration of tangent vector, tangent space, vector field, and flow on a manifold M. See

Section 2.2 for details. (A) Tangent vector on a curve. (B) Tangent vector and tangent space on a
manifold. (C) Vector field and its flow.
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Et)

(i.e., the summation symbol “Y"" ” is omitted). So the tangent vector has
another appearance v = v'0; as a directional derivative operator on functions,
and its action on a function v[f] is the directional derivative of f along v.
This perspective can be extended to manifolds, since the directional deriv-
ative $f (}/,)|r:0 is still well defined (note ¢ — f(y,) is a R — R function).
Using any coordinate system (Z,®) around y,, it can be expressed as

d(fo <I>’1)(<I)(y[))|t:0 =1/0;f in the sense that V' := %@i(yZ)LZO and 0;f :=

% (<D‘1()2))IA o) (Fig. 4A). Covering all possible smooth curves passing
: X=®(ro

through x, a general tangent vector v at x € M as a directional derivative
operator, is defined as a linear function on C* (M) satisfying the Leibniz
rule: v[fh] = fix)v[h] + h(x)v[f]. All tangent vectors at x form an m-dimensional
linear space called the tangent space T,M at x (Fig. 4B), and under any

coordinate system containing Xx, {a,-};’;l is a basis, which is defined as

oif = %f(dfl(ﬁ)) ot Any v € T, M can be expressed as v = v'd; where
1=P(x

= y[®'].° Under the change of coordinate system, the basis transforms as

Vi
0y = 33—3;0,', where 0,f = %f(lP“(y))‘A w0 forms the basis under the new
y="(x

coordinate system (J,¥), and 3}—‘”— o plop! (ﬁ)‘ . For a given tangent

G

=)
vector v, its coordinate transforms similarly: v* = %vi. Note that the coordinate

expression v =1'g; = 790, is invariant under coordinate change.
If M is a linear space, then it is isomorphic to the tangent space T,M
for any x € M: ye M — v, € T.M,v[f] ::%f(x+ty)’ . But generally

1=
tangent spaces at different points are different linear spaces.

A vector field V (Fig. 4C) defines a tangent vector V (x) at every point x on
the manifold, and V (x) depends on x smoothly (e.g., Vio @ ! for each i is
smooth in any coordinate system). Denote the set of vector fields on M as
T (M). A vector field defines a dynamics (dynamical system) on the mani-
fold: % = V(x,), which describes how a particle moves on the manifold as
time proceeds. Its solution is called a flow, which is a set of curves
{(¢,(x)),|x € M} such that ¢o(x) = x and %(l)t(x)‘tzo = V(x). The flow of
any vector field V exists at least locally (due to Picard-Lindelof theorem).

For a concise and conventional notation, in the following, symbols with
indices (e.g., X, v) represent the coordinates of the same objects (e.g., x, V)
in some coordinate system. Particularly we use x' to represent the same thing
as &, i.e., the coordinates of a manifold point x.

9More precisely, instead of C* (M), it is sufficient to only consider functions that are smooth in a
neighborhood of x. op

°This can be seen through v[®/] = v 9,/ =/ 2@/ (O~ (£!,... 2" =vi_ =5 =i,
: 0% | ()
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2.3 Cotangent vector and differential form

The cotangent space T; M at x is the dual space of the tangent space T, M.
Under a coordinate system, the basis {d;}"", of T\M induces a dual basis

{07}, for T*:M: 0"'[v] := v = v[®'], which satisfies 0" [3] = 5. Under this
perspective, the directional derivative along vector v, v[f] = v'df = (9; fd*l)

["/ai] can be viewed as the action of the covector a,»f@*l on the vector v.
We define this covector as the differential of f. df € TIM, df]yv]:=

v[f],¥v € T,M . We then recognize that d®'[9;] = 9;[®’] :%d)"(d)_1 (x) =

g'—;- = 5} s00" is essentially d®'. Conventionally d®' is denoted using the sym-
bol of the corresponding coordinates as dx’. The covector is then expressed as
df = o dx’, which is the form of the usual differential in calculus.

To describe a k-dimensional volume element on a manifold and more, we
need the concept of k-form. To draw the intuition, consider the volume of
the k-dimensional parallelepiped formed by k vectors. We know that the
volume responds linearly to each vector, and switching two vectors alters
the orientation of the parallelepiped, so the volume changes its sign. This tells
us that the volume is an antisymmetric linear function on the k vectors.
Indeed, in R¥, the volume formed by k vectors is the £k X k determinant of
the vector-stacking matrix, which is an antisymmetric linear function.

On a manifold, a k-dimensional infinitesimal volume element at a point x
is formed by k tangent vectors from 7M. We call the map from the k vectors
to the volume value as a k-differential form, or just k-form. Formally, a k-form
u: (TXM)k — R is an antisymmetric k-multilinear function on 7M. Denote
the space of k-forms as A*T* M, which is a subspace of (T*M)" := @*T* M,
i.e. the space of k-multilinear functions. In this sense, a covector from 77 M is
also recognized as a 1-form. Due to antisymmetry, if there are two identical
vectors in the k input vectors, the k-form outputs zero. Due to linearity, this
case can be extended to k linearly dependent vectors. Since when k > m,
any k vectors are linearly dependent, and we know that all k-forms are
trivially zero for k > m. In other cases, due to antisymmetry, /\kT;‘/\/l is
(’,f) -dimensional.

To construct a k-form using & covectors {r(V,....r®} from T*M (i.e.,
using k 1-forms), we introduce the wedge product, which is essentially the
antisymmetrized tensor product: () A« Ar®) =3 (—1)70) © ... @ rlow)
where o traverses over all the permutations of {1,...,k} and (—1)° is its sign.*

19 -

The _§ymb01 5! is the Kronecker delta tensor, i.e., 5;- :=1ifi=jand 6; := 0 otherwise. Similarly,
8, 8" are defined for the corresponding types of tensors.

€The notation as the product of a binary operator A (instead of an operator on k covectors alto-
gether) is valid since (r1) A ArOYA(FEHD Ao Ar®)) = r D Ao A7 ®) for any 1 < i < k.
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Using this notion, the (7) k-forms {dx"" A+ Adx},_; . _; ., build a basis
of AKT*M. As a tensor in (T*M)*, any k-form can be expanded as =
i, A" @ - @dx*, where g, =p[0,..., d;]. Due to antisymmetry, per-
mutationally equivalent index tuples can be grouped together:
B=2 1<y <ocivm 2oy, iy A @ @A =37 iy, oo (— 1)
Ao @ o @ AN =T o iy XA A =Fpy XA Adi
The differential operator d can be extended as exterior derivative to act on
a k-form and give a (k + D)-form: du =37, - ;< Qi 4 Adxit A e A
dot = Loy ;. dx' Adx™ A+« Adx¥. This definition is independent of the
choice of coordinate system; particularly it has an alternative definition: df is

the differential of function for a O-form f (i.e., a function), and d(u A v) =
du A v+ (=1)*u A du for k-form p, andd o d = 0.

2.4 Riemannian manifold

A Riemannian manifold is a manifold M in any of whose tangent space 7, M
there is an inner product (-,-)T‘ ¢ defined, and that it depends on x
smoothly. This (-, - )7 , is called a Riemannian structure or metric. In any
coordinate system it ‘can be expressed as a positive definite matrix,
(V)1 g = gii(xX)u'v' where g;;(x) := (0::05)_a- It also induces a norm in each

tangent space, |[v||y v = y/{(v.V); o - This simple structure endows the

manifold with many useful concepts that make computation possible.

The gradient of a function f € C* (M) at x € M is defined as the tangent
vector grad f(x) € T,M  that satisfies (gradf(x),v); » =df[]=v[f],
Vv € TyM. It has the following coordinate expression:

grad f(x) = gij(x)dff(x)ai = G(x)71Vf(x), ¢))

where ( g’j )= G~ is the inverse matrix of the Riemann metric tensor G := (gip)-
The gradient can be defined all over the manifold, and the flow of the nega-
tive of this vector field is called a gradient flow. This abstract definition of
gradient meets the common intuition of a fastest ascending direction for
i max-argmax, g g yj=1V[f] = max - argmax, ¢ vq. 1 (@radf (x),v)z =
gradf(x), where “max -argmax” denotes the scalar product of the maximum
to the maximizing vector.

The length of a curve y : [a,b] — M can be defined using the Riemannian

structure as: L(y) := \/ fz ||d;/,/dt|\% v dt,  which leads to the distance

between two points on the manifold:

dm(x,y) = inf  L(y). 2

(Ve 0,1 70=XV1=Y

If the manifold is complete under this distance, the distance-minimizing curve
exists [Hopf-Rinow theorem (Hopf and Rinow, 1931)], which is called a
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FIG. 5 [Illustration of concepts on a Riemannian manifold, with analogy to a linear space. See
Section 2.4 for more details. (A) Vector addition in linear space (left) and exponential map on
Riemannian manifold (right). (B) Parallel transport in linear space (/eft) and on Riemannian man-
ifold (right).

geodesic. It is the counterpart of straight line in Euclidean spaces. As illu-
strated in Fig. 5A, in analogy to vector addition x + v in linear space that
moves a point x along the straight line in the direction of v, define the expo-
nential map Exp, : T,M — M,v — y, as moving a point x along the geode-

sic (Y)repo. 17 tangent to v at x : yg = x. = v, which exists uniquely. As
=0

’ dr
mentioned in Section 2.2, tangent space of a linear space is everywhere the
same, but is not for a general manifold. Fortunately the Riemannian structure
induces a link between tangent spaces at different points, which is the paralle!
transport I’} : T M — Ty M (Fig. 5B). It transports a tangent vector at x to a
tangent vector at y along the geodesic” (Y1)ieq0.17 from x to y in a certain way
that is regarded “parallel”; particularly < i >T ” does not change with #,

14

where vo = v, v; = Y(v).

2.5 Measure

A measure on an m-dimensional manifold’ is represented by an m-form w,
which measures an m-dimensional infinitesimal volume element everywhere
on the manifold. Since the space of m-forms is one-dimensional, @ is repre-
sented by @;_, dx' A - Adx™, or simply @ dx, where dx := dx' A -+ A dx”
represents the usual Lebesgue measure of the Euclidean coordinate space.
As a measure, w; ., is required to be a nonnegative function. Such an m-form
is also called a volume form. Under coordinate system change, the coordinate

"A noteworthy distinction from the linear case is that transporting the vector in the parallel way
but along different paths would generally yield different results, and the difference is related to
the curvature of the manifold. If there is no difference, the manifold is seen as flat (though unnec-
essarily linear).

'We would like to mention that the general definitions of geodesic, exponential map and parallel
transport are built on an independent manifold structure called affine connection, and the defini-
tions here correspond to the special version under the Levi-Civita connection, which is an affine
connection induced from the Riemannian structure.

To define a measure, the manifold is required to be orientable: there exists a set of coordinate
systems covering the manifold and in the intersection of any two coordinate systems, the Jacobian

determinant of the coordinate transformation ’(3{“)‘ is positive.
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expression transforms with the Jacobian determinant of the coordinate trans-
. .o~ _ ﬁ
formation: @(y) = w(x)/ ’ ( a,e") }
On a Riemannian manifold, there is a special measure called the Rieman-

nian measure, which has the coordinate expression w, = /|G| dx, where |G|
is the determinant of G. This expression is coordinate invariant, meaning that

in another coordinate system, it becomes @, = 1/|G| dy.

Integral on the manifold can be defined under a measure. Particularly the
density function of a distribution/measure # on the manifold can be defined:
for any measurable subset Z C M, 5(Z) = f<1>(1)1’L dx = f¢<I)pR dw,, where
pL is the density w.r.t. the Lebesgue measure dx in the coordinate space, and
Pr is the density function w.r.t. the Riemannian measure @,. They are related by:

pL=PrVIGl.

Finally we mention the well-known Stokes theorem: for a proper manifold
region Z with boundary dZ, and an (m — 1)-form 7, we have [,dy = [,n.

2.6 Divergence and Laplacian

In Euclidean space, the divergence of a vector field V is defined as (V- V )(x)
:= 0;V'(x). It is considered in a type of integral with compactly supported
function f:  [ouV - Vfdx= [puV (o) dx=— [oufOV dx=— [ fV -V dx,
where the second equality is due to integration by parts and that the term
f rr0i(f Vi )dx= f S V' dS; (due to Stokes theorem; ( dS,); is the infinitesimal
surface element with out-pointing normal direction on the infinitely large
sphere 0R™, such that ddS = dx) vanishes since f = 0 on JR™. On a Rieman-
nian manifold, the concept of divergence can be extended similarly under this
characterization. For a coordinate-invariant definition, integrals are consid-
ered under the Riemannian measure:

div: T(M) — C=(M), s.t./ V[f}dwg:—/ fdivV day, Vf € C2(M),
M M
3)

where C°(M) denotes the set of all compactly supported functions on
manifold M. Note by the definition of gradient, the lLh.s. can also be
written as [ (gradf(x),V(x)); ,( dw,(x). In any coordinate space, the Lh.s.

is  [VI(0,f)\/|G|dx=— [f0;(V/\/|G|)dx, which equals to the r.h.s
— [fdivV4/|G|dx by the definition. This then leads to the coordinate
expression of the divergence:

div V = 0,(v/|G|V')/\/|G] = oV' + V9 log /|G|
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In Euclidean space, the Laplacian of a function V*f := 37" 0,0f =
V - Vf can be seen as the divergence of the gradient of f. This can be
extended to Riemannian manifold:

Lap f := div(grad f) = 8;(\/|Glg"9;f)//GI.

2.7 Manifold embedding

Many manifolds are defined as a subset of a Euclidean space R”, e.g., the
hypersphere S"~! := {x € R"|x"x = 1}. This is often how we imagine or pic-
ture a manifold (even in our illustrative figures), but is it possible for any
manifold defined in the abstract way described in Section 2.1? This is for-
mally described as the embedding of a manifold M, which is a smooth injec-
tion E: M — R" to a Euclidean space so that we can understand the
manifold as a subset E(M) of R" (Fig. 6). Whitney embedding theorem
(Persson, 2014; Whitney, 1944) shows that an m-dimensional manifold can
always be embedded into R*".

For a Riemannian manifold, the embedding also pulls back the Euclidean

metric 44 to the manifold as g; = dup Zi; % for j = Z(®~!(%)). If it coincides
with the original metric g;;, the embedding is said isometric. Nash embedding
theorem (Nash, 1956) shows that any Riemannian manifold can be isometri-
cally embedded into a Euclidean space.

In the embedded space R”, the restriction of the n-dimensional Lebesgue
measure onto the subset Z(M) C R” induces a measure on E(M), which is
called the Hausdorff measure. A distribution on manifold then also admits a
density function py : E(M) — Ry w.r.t. this measure. If the manifold is
Riemannian and the embedding is isometric, then the Hausdorff measure
coincides with the Riemannian measure, and pg coincides with py in the sense
that pgr = py °Zod .

o

R™ 2)

FIG. 6 [Illustration of the embedding of a manifold.
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3 Markov chain Monte Carlo on Riemannian manifolds

Markov chain Monte Carlo (MCMC) methods have long been a workhorse for
Bayesian inference. When for inferring latent variables on a manifold, classi-
cal MCMC methods such as Gibbs sampling and Metropolis—Hastings (MH)
can be adapted in some cases. For example, for sampling from a hypersphere
S"! using MH, one can draw a proposal from an isotropic Gaussian centered
at the current sample and project (normalize) the sample onto S"~!, then com-
pute the acceptance rate using the (unnormalized) target distribution density
(the proposal density ratio is 1 since the Gaussian is isotropic thus symmetric
after projection) (Reisinger et al., 2010). But for a general manifold there does
not seem to be a systematic way to construct such variants. More importantly,
same as in the usual Euclidean case, these classical methods are not suffi-
ciently efficient as their Markov chains mix slowly due to the uninformative
and local transition.

Dynamics-based MCMC methods are more efficient and lead to the recent
trend. They carry out the sampling process by simulating a dynamics, or for-
mally a diffusion process or a continuous-time no-jump Markov process [see
e.g., Sarkka and Solin (2019) for a comprehensive introduction]. The dynam-
ics typically leverages the gradient of the target distribution log-density so the
move is more informative and leads to distant transition. This lowers autocor-
relation and increases the effective sample size and sampling efficiency.
Many dynamics show nice convergence properties (Eberle et al., 2019;
Mangoubi and Smith, 2017; Roberts et al., 1996; Seiler et al., 2014), which
gift an exponential convergence guarantee to many algorithms under proper
conditions (Cheng and Bartlett, 2017; Cheng et al., 2018; Dalalyan, 2017;
Durmus and Moulines, 2016; Durmus et al., 2017; Livingstone et al., 2019;
Roberts et al., 1996; Seiler et al., 2014). Particularly for Bayesian inference,
the gradient formulation also allows using stochastic gradient in the simulation
of many dynamics (Chen et al., 2014; Welling and Teh, 2011) to scale to large
datasets. Given a set of independently and identically distributed (IID) data

points {0(1)},-:1, the stochastic gradient estimates the gradient of the posterior

log-density V. log p(x|{o") }jv:l) = V. logpy(x) + 3F  logp(o®|x) using a
uniformly randomly chosen sub-dataset S (resampled for each call to the
gradient) of a fixed size |S]| as:

(Stochastic gradient) V., logpg(x Z logp(olx). )
|S| oeS
It is a stochastic but unbiased and cheap estimate of the true gradient so that
the method is scalable to large datasets. Moreover, dynamics are constructed
using geometric objects, so can be naturally extended to Riemannian mani-
folds. We thus focus on dynamics-based MCMC methods in the following.
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3.1 Technical description of general MCMC dynamics

In the Euclidean case, a dynamics is described by the so-called stochastic dif-
ferential equation (SDE):

(Dynamics) dx = V,(x) df + v/2D,(x) dB,(x), )

where V,(x) is a vector or velocity field (may be time dependent) describing
the deterministic drift of particles, D(x) is a symmetric positive semidefinite
matrix called the diffusion matrix (also may be time dependent) describing
the strength of the stochastic diffusion, and B,(x) is the standard Brownian
motion (or called the Wiener process), which can be seen as adding a sample
of infinitesimal scale from the normal distribution A (x,df) independently
ateach time instance ¢ for advancing an infinitesimal time period dt. The
square root /2D, represents the positive semidefinite matrix such that

\/Z_D,\/Z_D,T =2D,. A dynamics induces the evolution of the distribution of
particles moving under the dynamics (see Fig. 7). Denoting the evolving dis-
tribution as (g,), in terms of the density function w.r.t. the Lebesgue measure,
the evolution rule is explicitly given by the Fokker—Planck equation (FPE):

(FPE) d,q, = —V - (¢,V,) + VV : (¢,D,), (6)

where VV' : (¢,D,) := did,-(q,Dij) =t (VV'(gD,;)) is the double-dot prod-
uct of two matrices of the same size (see e.g., Villani (2008, pp. 27-30), for
the time-dependent, weak derivative, and Riemannian manifold extension).
The FPE plays a central role in developing proper dynamics for MCMC.
Particularly, the target distribution p needs to be a stationary distribution
of the dynamics, which leads to the requirement on the dynamics that
0=—-V-(®V,) + VV' : (pD,). Based on this, Ma et al. (2015) developed a

q¢(x) Ge+e(x)

—_—D

/'7» Ty < /»*’._.3_’ e
X X (L)’/7

(‘)’/7( DN+ w (0 2D, (x “))) Xire

FIG. 7 Illustratlon of the evolving distribution induced by a dynamics equation (5). Given par-
ticles {,\, }, at time ¢ that distribute obeying distribution g,, if they move according to the dynam-
ics equation (5), then after a short period of tlme € their positions undergo a displacement (shown
as the red arrow) and their new positions {x,ﬂ} distribute obeying a new distribution ¢,.. When
& approaches to zero, the distribution ¢, evolves continuously in time. The rule of the evolution is
given by the Fokker—Planck equation (6).
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complete recipe for all the dynamics that has p as a stationary distribution
(and with time-independent V and D)*:

(p-stationary dynamics) dx = V,(x) dr + 1/2D(x) dB,(x), @)

where Vy(x) := V- (p(x)D(x) +p(x)Q(x))/p(X)
which means Vi (x) := 9;(p(x)DY (x) + p(x)0"(x)) /p(x),

and Q(x) is any antisymmetric matrix (Q" = —Q) called a curl matrix. When
D is positive (strictly) definite (i.e., it is nonsingular), p is the only stationary
distribution of this dynamics. By the FPE (6), the dynamics equation (7)
is equivalent to the following deterministic dynamics (Liu et al., 2019b,
Lem. 1, Thm. 5) in the sense of the induced evolving distribution:

®)

& = D)V log (p(x)/4,(x)) + C(x)V logp(x) +V - Q). ©)

or, & = D(x)V log (p(x)/g,(x)) + Q(x)V log (p(x)/4,(x). (10)

where ¢, is the distribution of x,. This formulation will be explored in
Section 4.4 for a geometric interpretation of a general MCMC dynamics.
The deterministic equivalent of a diffusion process is also leveraged in
diffusion-based generative models (Song et al., 2021) (“probability flow™).

In early versions, dynamics simulation is followed by an MH step to cor-
rect discretization error. But in many cases the MH step is intractable or
costly, so it is omitted when using small enough discretization.

3.2 Riemannian MCMC in coordinate space

By definition (Section 2.1), a manifold can naturally be described in each
coordinate space, and we can then carry out Euclidean space operations there.
This is particularly convenient for manifolds that has a global coordinate
system.

3.2.1 Langevin dynamics

Perhaps the first dynamics-based MCMC method that got extended is the
Langevin dynamics (Langevin, 1908; Roberts et al., 1996). Its plain form in
the Euclidean space R” is described by the SDE:

(LD) dx = Vlogp, dt+ V2 dB,, a1

*The “matrix-divergence” operation 0jM':f may be better denoted as (V - M")". Here we just use
V - M for a concise notation.
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where pp is the density of the target distribution in the usual sense, i.e., w.r.t.
the Lebesgue measure in R” (see Section 2.5). Its manifold extension is then
developed following the same form:

(RLD) dx = gradlogpg dt + V2 dB, (12)
:G*IVIngRdHV-(\/|G|G*1>/ Gldi+v2GTdB, (13)

=G 'Vlogp, dt+V-G'dr+V2G ' dB,. (14)

Here, B, is the standard Brownian motion on the Riemannian manifold. This
extension can be developed from their effects in evolving distribution.
In the Euclidean space the standard Brownian motion (V =0, D = %I,,, in
Eq. 5) leads to the diffusion equation or heat equation d,q, = %qu, by the
FPE (6), so on the Riemannian manifold the standard Brownian motion
should lead to the distribution evolution 0:;q, = %Lap q; (see Section 2.6).
This relates the manifold motion to the Euclidean motion in the coordinate
space, which leads to its coordinate expression (Kent, 1978) and subsequently
Eq. (13).

Algorithmic developments are then pursued. Roberts and Stramer (2002)
developed sampling algorithms using the expression (14). Following the com-
mon practice of plain Langevin dynamics, the Euler—Maruyama integrator is
used due to its simplicity:

Xes1 = X + G (x) Viogpy (x) + €V - G (xp) + N(0,2G7 ' (xp)e), (15)

where “ + N(0, 2G " (x;)e)” means adding a random sample from the speci-
fied normal distribution for this step of update. As the counterpart of the Euler
integrator for ordinary differential equations, the Euler—Maruyama integrator is
also of first order, i.e., the discretization error is proportional to the step size e.
An MH step is also called after each update to correct discretization error.
This is possible since the density function of the proposal distribution by
Eq. (15) can be computed. Compared to random-walk MH samplers, using
Langevin dynamics makes more effective move as there is a driving force
toward the nearby high-probability region (while the Brownian motion
keeps the samples a reasonable dispersion and helps exploring all the
high-probability regions). Moreover, if discretization error can be omitted,
then the MH acceptance ratio is 1. The work also includes a convergence
analysis on the simulation. Girolami and Calderhead (2011) applied the
algorithm to Bayesian inference under the information geometry perspec-
tive, i.e., using the Fisher information matrix as the Riemann metric tensor:
G(x) :==E, (o) [Vilogp(o|x) V] logp(olx)]. Improved convergence rate is
shown empirically over several Bayesian models including Bayesian logistic
regression. The same spirit is applied to Bayesian neural networks (Li et al.,
2016), where a different metric is designed based on adaptive-gradient



Geometry in sampling methods Chapter | 10 255

optimization methods, as computing the Fisher information matrix is unaf-
fordably costly in this case. Patterson and Teh (2013) made the extension
to using stochastic gradient and applied to the inference task of latent
Dirichlet allocation (LDA) (Blei et al., 2003) on large datasets. In the task
the latent variable lies on simplexes, which is represented by nonlinear
coordinate systems.

A literature remark is that the dynamics formulated in Roberts and Stramer
(2002) and in Girolami and Calderhead (2011) and Patterson and Teh (2013)
turn out to be' :

dx =G 'Viogp, dt+2V -G ! dr+Vv2G ! dB,, and (16)
dx = G"'Vlogp, dr +2V - (\/|G|G*1)/ G| dt+ V267 1dB,  (17)

respectively. The respective differences from Eqs. (14) and (13) are pointed out
by Xifara et al. (2014) and are seen as a transcription error. However, Xifara
et al. (2014) also showed that Eq. (17) recovers the correct dynamics by noting:

M 'VlogM| +V -M~' =0, if My =M;,and oM; = o;My;,  (18)

which is satisfied if G is defined as the Hessian of a convex function (e.g., in
mirror descent).

3.2.2 Hamiltonian dynamics

The Hamiltonian dynamics is a reformulation of Newton’s law in classical
mechanics. It describes the state of a system with the position x and also
the momentum r. The augmented (x, r) space is called phase space. A nice
property is that, for a target distribution p(x) on the positional space, and
any constant symmetric positive definite matrix X, the dynamics under the
potential energy — log p(x),

(HMC) dx=X"'rds, dr= Vlogp(x)ds, (19)

keeps the phase-space distribution p(x)N (r|0,X) stationary. This can be seen
from the FPE (6) when taking x as (x, ) on the phase space. A physical under-
standing can be seen by noting that the log-density of the distribution is the
energy of the state (x, r) (hence Z holds the physical meaning of a mass matrix),
which the dynamics conserves. Moreover the dynamics is so-called volume
preserving (Liouville theorem), i.e., the Jacobian determinant of an infinitesi-
mal transformation by the dynamics (ratio of the infinitesimal volume change)
is 1, so the distribution is kept stationary. By this property, Duane et al. (1987)
proposed an MCMC algorithm called hybrid Monte Carlo, which is subse-
quently called Hamiltonian Monte Carlo (HMC) as the common name.

'We use a half time scale here: Eqs. (16) and (17) are the results after replacing ¢ with 2 in the
formulations in the references.
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However, the simulation trajectory only covers a subset of the positional
space (particularly, due to energy conservation, the trajectory cannot go beyond
regions with higher potential energy than the total energy). So for drawing each
sample/proposal, the momentum variable r is resampled from N (r|0,%). More-
over, as the volume-preserving property is a key ingredient to keep the target
stationary, the simulation method (integrator) is also expected so, and to make
this property well defined, the integrator is also required invertible (the
continuous-time dynamics is naturally invertible). Otherwise, the volume
change would accumulate for long simulations and strongly deviate the station-
ary distribution, and the MH acceptance probability drops, making ineffective
move. Due to this consideration, the Stormer—Verlet or called the leapfrog inte-
grator is used, which updates x and r separately on an interleaving time-
discretization scheme and is both invertible and volume preserving. In all, for
drawing a sample using L inner simulation steps, the process of HMC is:

1
xk0) = x(k=1) .(k,0) ~ N (0, Z),r(k’ 2 .= p(k0) 4 gVIng(x(k’O));

xkd) = xki=1) 4 gy =1yl %),r(k’” 2 = bl 2 +eVilogp(x), 20)

l: 1,...,L;X(k) ;:x(k»L).

Although the leapfrog integrator does not require second-order quantities
(e.g., Hessian), it is a second-order method. An MH step is appended (where
the ratio of proposal transition is 1 due to volume preservation). When L = 1,
HMC recovers the Langevin dynamics (with £ as the step size), so HMC walks
much farther, making a distant thus less correlated proposal still with a high
MH acceptance rate. See e.g., Neal (2011) and Betancourt (2017) for more
detailed descriptions. The leapfrog integrator can be seen to split the dynam-
ics equation (19) into dx = > Y dr, dr=0and dx =0, dr = Vlogp(x) dt,
and alternately simulate each symmetrically, in closed form. This pattern
can be generalized to allow multiple splitting and simulating SDE (Chen
et al., 2015; Hairer et al., 2006), which is called symmetric splitting integrator
(SSI). The discretization error is of a higher order in & than the Euler—
Maruyama integrator. Interestingly, the interleaving structure for invertibility
is of the same pattern as the coupling layer in flow-based generative models
(Dinh et al., 2017; Kingma and Dhariwal, 2018), and some other works more
directly use the Hamiltonian dynamics for generative modeling (Caterini
et al., 2018; Dockhorn et al., 2021; Toth et al., 2020).

Riemannian HMC is developed also by Girolami and Calderhead (2011).
Hamiltonian dynamics on a Riemannian manifold is given by the coordinate
expression

(RHMC) dx=G(x) 'rdr, dr=Vlogpg(x)dr— %Vx (rTG(x)’lr) dr.
2D
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The algorithm redraws momentum from r ~ A (r|0,G(x)), and a generalized
leapfrog integrator is used in simulation. Invertibility and volume preservation
are again guaranteed, but each update step requires solving two equations,
which is done by fixed point iteration. To bypass this costly inner iteration,
Lan et al. (2015) reformulated the dynamics using velocity instead of
momentum, i.e., in the form of Lagrangian dynamics. The new form avoids
one equation, and the rest equation can also be eliminated by an approxima-
tion which slightly violates volume-preservation. Lee and Vempala (2018)
developed nonasymptotic convergence rate of Riemannian HMC and applied
to sampling on polytopes.

3.2.3 Stochastic gradient Hamiltonian dynamics

Assuming large IID data, the stochastic gradient equation (4) can be seen as
the true gradient corrupted by a Gaussian noise with zero mean and some
covariance matrix A(x), due to the central limit theorem. Directly using sto-
chastic gradient in Langevin dynamics equation (11) simulation (Welling
and Teh, 2011) does not introduce much problem. The change in its dis-
cretization x4 = x; + €V logpp (x¢) + N'(0,2¢) is to add a noise obeying
N (0, A(xz)€?) to the r.h.s. The variance of this new noise is a higher-order
infinitesimal of that of the originally included noise (Chen et al., 2015).

But it is not the case for HMC which is found fragile to gradient noise
(Betancourt, 2015; Chen et al., 2014), since the original dynamics is determin-
istic. In another way, the dynamics preserves energy so the energy from the
gradient noise gets accumulated all the way, driving the distribution toward
uniformity (Chen et al., 2014). To counteract the noise, Chen et al. (2014)
introduced a friction term into the dynamics that dissipates the accumulated
energy. The resulting stochastic-gradient HMC (SGHMC) dynamics is
known as the second-order (underdamped) Langevin dynamics (Wang and
Uhlenbeck, 1945) in physics™:

(SGHMC) dx=2Xx"'rdt, dr = Vlogp(x)dt — Cr dt+ vV2CX dB,(r),
(22)

where C is a constant positive definite matrix controlling the friction inten-
sity, and the Brownian motion dominates over the gradient noise as is in the
Langevin dynamics case. To adaptively adjust C to match the gradient
noise, Ding et al. (2014) proposed stochastic gradient Nosé—Hoover thermo-
stats (SGNHT) which introduces a thermostat variable £ € R and composes
the dynamics as"™:

MCompared to Eq. (13) in Chen et al. (2014), we replace its M with ¥ and its C with CZ.
"Compared to Egs. (5,6) in Ding et al. (2014), we allow a variance in the momentum distribution
N (r|0,%) and take the diffusion factor A as CZ.
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(SGNHT) dx=ZX"'rds, dr=Vlogp(x)dt— & dt +V2CE dB,(r),
(L Ty,
de = (W 51— 1) dr. (23)

Their extensions to Riemannian manifolds are also developed. Ma et al.
(2015) designed the following SGRHMC dynamics using the complete recipe
(Eq. 8) to extend SGHMC:

(SGRHMC) dx=1/G(x)"'rd,

dr=1/G(x)"'Vlogpr(x) dt+V - \/G(x) ' dt— G(x) " 'rdr +1/2G(x) " dB,(r).

Although it converges correctly, it does not seem to have a physical or geo-
metric interpretation. Particularly, it is unknown if the dynamics can be
simulated in an embedded space of the manifold, which is required in many
applications as will be discussed next. To tackle this problem, Liu et al.
(2016a) developed the following dynamics:

dx=G(x)"rds,
(SGGMC) dr=V,logpr (x) dr— %Vx (rTG(x)flr) dr—J(x) " CI(x0)G(x) " rde

+1/27(x) " €I (x) By (r),

where J(x) := \/G(x)T. If C commutes with J(x) (e.g., when C is a scalar

matrix), the last two terms become —Cr dt + /2CG(x) dB,(r). It recovers
the RHMC dynamics equation (21) when no friction C = 0, and recovers
the SGHMC dynamics equation (22) on a Hilbert space G(x) = X (note in
which case Vlogpr = Vlogp;). Liu et al. (2016a) also proposed a manifold
version of SGNHT:

(24)

dx = G(x)flr dr,
1 _
(gSGNHT) dr = Vylogpg(x) dr — EVX (rTG(x) 1r) dr — &r df + 1/2CG(x) dB(r),
dé = (erG(x)_lr - 1) ds,

m
25

which recovers the SGNHT dynamics equation (23) when G(x) = Z.

3.3 Riemannian MCMC in embedded space

The coordinate expressions of these dynamics allow straightforward simulation
in the coordinate space, as if in the usual Euclidean space. However, this may
also be problematic in some cases. When the manifold does not have a global
coordinate system, such as hyperspheres, coordinate simulation requires
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changing local coordinate system when the sample is about to move out of the
current one. In addition to this inconvenience, the metric tensor G(x) often goes
to singularity near the boundary of the coordinate system, which may cause
numerical problems. On the other hand, common manifolds are defined as a
subset of a higher-dimensional Euclidean space, which also endows the mani-
fold a Riemannian metric by pulling-back the Euclidean metric via the inclu-
sion map. This naturally gives an isometric embedding of the manifold as a
result (Section 2.7). In the embedded space the manifold is described globally.
Distributions on the manifold are also commonly defined in the embedded
space in the form of the density function py w.r.t. the Hausdorff measure on
E(M), such as the von Mises-Fisher distribution on hyperspheres. It is thus
more attractive to simulate the dynamics in the embedded space.

Brubaker et al. (2012) considered general manifold defined as a subset of
R" via a constraint, and generalized HMC on such manifold. Simulation is
basically done using the usual leapfrog process in the embedded space subject
to the constraint for the sample and the induced constraint on the momentum.
This generalized leapfrog is called RATTLE and is still invertible, volume
preserving, and of the second order. But each simulation step requires solving
several nonlinear equations, which is done using Newton’s method in
the work.

Byrne and Girolami (2013) developed a simulation method in the embed-
ded space for HMC, called geodesic Monte Carlo (GMC). The name comes
from the use of explicit geodesic flow solutions for simulation on the embed-
ded manifold, which is available for common manifolds such as the simplex,
hypersphere, and the Stiefel manifold. It avoids the costly inner iteration for
solving nonlinear equations in each update step, in contrast to, e.g.,
Girolami and Calderhead (2011) and Brubaker et al. (2012). Adopting the
leapfrog integrator pattern (or, SSI), GMC splits the Riemannian Hamiltonian
dynamics equation (21) as:

dx = G(x)"'r dr, dx =0,
dr=— 2V (r G ") ar, { dr = Vlogpg(x) dr.

The first dynamics turns out to be the geodesic equation, which describes the
free motion on the manifold, in analogy to the uniform linear motion in a
Euclidean space. Its solution is just the geodesic flow, and for some common
manifolds there is a closed-form expression, e.g., this is the rotation along the
great circle on the hypersphere S"!:

y(¢) = y(0) cos (ar) + (v(0)/a) sin (ar), v(t) = —ay(0)sin (ar) + v(0) cos (at),
where y € S"' and v € T,(S"™") are the embedded version of x and r, and

a=||v(0)||. For the second dynamics, since x does not change with time, the
solution is () =r(0) + rVlogpg (x), or y(r) =y(0) + tA(y(0))Vlogpy(y) in
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the embedded space, where A(y) is the projection from the tangent space of
R" to the tangent space of Z(M) at y. For S"~', A(y) = I,, — yy . For drawing
the momentum variable, sampling r ~ A (0, G(x)) in the coordinate space is
equivalent to drawing r € N'(0, 1,) in the isometrically embedded space R”
and projecting onto the tangent space using A. The final process is to draw
r from N(0,G(x)) and alternately simulating the two dynamics on an inter-
leaving time scheme, similar to the leapfrog integrator equation (20).

Byrne and Girolami (2013) also showed closed-form expressions of the geo-
desic flow and tangent space projection for the Stiefel manifold, which involves
computationally expensive matrix exponential. Yanush and Kropotov (2019)
then made the computation cheaper by replacing the exact operations with
a retraction operation, which is explored in the field of optimization on
Riemannian manifolds, and is shown to be sufficient to simulate the
dynamics.

Following this spirit, Liu et al. (2016a) developed simulation methods in
the embedded space for their proposed dynamics. The SGGMC dynamics
equation (24) is split as:

dx = G(x)fll‘ dr, dx =0,
+
dr = *%Vx (;ATG(X)’W) ds, {dr = —J(x) ' CI()G(x)"r dr,

dx =0,
+
dr = V, log pg (x) dt + /27 (x) " CJ(x) dB(r),

where the first dynamics is the same. The second dynamics has solution r(f) =
JTexpm(—Ct)JGflr(O) or v(t) = A expm(—Ct)v(0) in the embedded space,
where expm is matrix exponential and the quantities are evaluated at x(0) or
¥(0) if not specified. For infinitesimal time interval e, the solution is approxi-
mately v(e) = v(0) — eACv(0). The third dynamics can be simulated by
v(e) =v(0) + A(eV logpy + N(0,2Ce)). The gSGNHT dynamics equation
(25) can be modified similarly. The two methods show remarkable accuracy
and scalability for the hypersphere inference task of the spherical admixture
model (Reisinger et al., 2010) on large datasets.

4 Particle-based variational inference methods

Although MCMC methods are perhaps the most popular sampling method for
their wide applicability and numerous success in various domains, there are
also complaints. The central drawback is the (auto)correlation among samples
since they are in a Markov chain. It downgrades the effective sample size, and
a long run is required for a reasonable approximation. This can be imagined
that if the target distribution has two equally high separated modes, the
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correlation tends to put the next sample in the same mode, so such set of sam-
ples are not as representative as the same amount of IID samples, which dis-
tribute in the two modes roughly equally. A considerable number of
simulation steps are required to get a chance for the sampler to find the other
mode. Besides the cost of the long run itself, evaluating the expectation of a
function also requires quite a lot evaluations on these large set of samples.

Recently there emerged another class of sampling methods that try to
approximate the target distribution using a fixed number of samples, or called
particles. They iteratively update the particles deterministically to minimize
the difference (typically the KL divergence) of the distribution they represent
to the target distribution. This is the spirit of variational inference, hence the
name particle-based variational inference (ParVI). The use of particles is more
flexible thus more accurate than parametric approximations that classical var-
iational inference uses. Since the particles need to approximate the target dis-
tribution jointly as a whole, they communicate/interact with each other, and
appear negatively correlated. So sample efficiency is promoted.

In the following we start with the groundbreaking version, SVGD (Liu and
Wang, 2016). The algorithm is then viewed from a geometric perspective as
approximate simulation to the gradient flow of the KL divergence on the Was-
serstein space and its variants, which can be seen as Riemannian manifolds of
distributions. We then show the consequences of the geometric perspective,
including variant algorithms, approximation techniques, and convergence
analysis.

4.1 Stein variational gradient descent

SVGD (Liu and Wang, 2016) updates the particles {x(i) }f\;l using a determin-
istic dynamics dx = V/,(x) dt such that the evolving distribution (g,), decreases
the KL divergence to the target distribution p. The dynamics is chosen such
that the KL divergence KL,(q,) := KL(q, || p) := E, [log(g,/p)] is mini-
mized steepest. To derive the expression for V,(x), one needs to connect the
decreasing rate to the dynamics:

~IKL () =B, [V - (pV)/p) =B, [V, Viegp+ V- V). 6)
The steepest descent is achieved if V, maximizes Eq. (26). As the objective is
linear in V,, it can be made arbitrarily large by increasing the norm of V,. So
the maximization makes sense only if the norm is fixed, i.e., finding the stee-
pest descending direction, and the minimum represents the steepest rate of
decrease which is used as the magnitude in that direction:

VP = max - argmax — gKLp(q,). 27)
vex Vi1 9
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This leads to the next subtlety that which normed space X should be used for V.
If X is taken as the Hilbert space Lfb(Rm) ={V:R" - R"| |V]2 < oo}
with inner product (U,V) 2 := [U(x) - V(x)g(x) dx, we have:

Vi2 =Vlog(p/q,). (28)

But this result is not easily estimable since it requires V log ¢, while we only
have samples/particles of ¢,. Liu and Wang (2016) then used X = H", where
‘H is the reproducing kernel Hilbert space (RKHS) of a kernel function K :
R"™ x R™ — R (Steinwart and Christmann, 2008, Ch. 4), which can be seen
as the linear space of functions {} ,aK(-,x")} (summation over finite
set or countably infinite set in the sense of pointwise convergence) with inner
product (37K (-, xD), ST ByK (-, yD)),, =3 apK (D, 1) Tt s
named after its reproducing property (f(-),K(-,x)); =f(x),Vf € H and that
it is a Hilbert space. The solution is then:

V,SVGD( )= E, ) [ (x, X )V log p(x') + VK (x,x)]. (29)

The expression depends on ¢, only in terms of expectation, which can be esti-
mated by averaging over the particles. The particles are then updated by simu-
lating the dynamics:

(i)
Xpr1 = xk

XN:(KU’vmgp( )+v(, ) (30)

Jj=1

ZIH

where K,(fj) =K (x,(:), x,(!)) Since K increases as x' and x” move closer,

the gradient ng)K(’ﬁ points toward x* at x¥ and points away from x¥ at
x®. So the second term in the update pushes x away from all other particles,
which presents a repulsion force and incurs a negative correlation among the
particles. Another attractive property is that it degenerates to gradient descent tar-
geting the mode of p(x) if there is only one particle, since V /K(x, x')|y—, = 0, so
it naturally transits to the maximum a posteriori (MAP) estimate.

4.2 The Wasserstein space

As seen above, the derivation of SVGD involves geometric considerations
such as steepest descending direction, which is very much alike a gradient.
Can this geometric perspective be formalized so that Eq. (27) is the gradient
of KL, on some space of distributions? The Wasserstein space gives an
elegant answer.

Particularly we consider the 2-Wasserstein space P,(M) on a complete
metric space M (= R” for common ParVIs), defined as the set of all (unnec-
essarily absolutely continuous) distributions on M with finite variance:

dxg € M s.t. Ey[da(x. x0)?] < o0. It is usually equipped with the 2-Wasserstein
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distance and seen as a metric space (Villani, 2008, Def. 6.4; Ambrosio et al.,
2008, Ch. 7), which explains the name. The 2-Wasserstein distance (Villani,
2008, Def. 6.1; Ambrosio et al., 2008, Eq. (7.1.1)) between two distributions
D,q € P2(M) arises from the optimal transport problem, and is defined as the
minimal cost for transporting mass on M distributed as p(x) to distribute as
g(x") by all possible (may be stochastic) transport plans z(x’|x):

1/2

dp,(p,q) = inf / s (6. ) d(2(¥ [Op(x))
(¥ ]x): [gncvpjdp@):quq MxM

3D

We first note that quite a range of geometric structures can be extended
to a general metric space (Ambrosio et al., 2008, Part I). For future refer-
ence, we mention a particular example of the definition of the gradient flow
(¢,), of a function F on P,(M) as a metric space in terms of the minimizing
movement scheme (Ambrosio et al., 2008, Def. 2.0.6): (g,); is the limiting
curve when 7 — 0 of the piecewise constant curve (Ambrosio et al., 2008,
Def. 2.0.2):

e == argmin -3, (.q,) + F(g). Ve € (0. (32)
qEP2(M)
It extends the implicit Euler discretization.® Nevertheless, it is more attractive
to consider the space as a Riemannian manifold (if possible) for explicit cal-
culation and simulation. This is possible for P,(M). We start with character-
izing tangent vectors on it. See Fig. 8 for an illustration.

Similar to the process in defining tangent vector for a general manifold in
Section 2.2, consider a curve (g,), on P, which is an evolving distribution on
M. As mentioned in Section 3.1, a dynamics induces an evolving distribution,
and the connection is given by the FPE (6). If we only consider deterministic
dynamics (D = 0), the FPE becomes what is commonly called the continuity

°Other examples of concepts mentioned in Ambrosio et al. (2008) for a general complete metric
space: the speed (metric derivative) at a point on a curve (Thm. 1.1.2), curve absolute continuity
(Def. 1.1.1) and length (Lem. 1.1.4), geodesic (Def. 2.4.2), gradient of a function in terms of
norm/modulus (strong (Def. 1.2.1) and weak (Def. 1.2.2) upper gradient; local (also Villani,
2008, Prop. 23.1(ii)), and global slopes (Def. 1.2.4) are weak, and strong (for lower semicontin-
uous functions) upper gradients (Thm. 1.2.5); relaxed slope (Section 2.3) is the local slope under
some conditions (Rem. 2.3.2) ), and gradient flow [curve of maximal slope (Def. 1.3.2) in terms of
the evolution variational inequality, which indicates energy identity (also Villani, 2008, Prop.23.1
(i1)) in some cases (Rem. 1.3.3); (generalized) minimizing movement scheme (Def. 2.0.6), whose
convergence (Cor. 2.2.2) and connection to curve of maximal slope (Thm. 2.3.1) and energy identity
(Thm. 2.3.3) are made; curve with dispersion from geodesic bounded by directional derivative along
the geodesic (Villani, 2008, Prop. 23.1(iv), Def. 23.7); they all coincide with the Riemannian
gradient flow (Villani, 2008, Prop.23.1, Rem. 23.4; Ambrosio et al., 2008, Thm. 11.1.6)].
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qe(x) ‘ Qr+e(X)

e)

FIG. 8 Tllustration of the support-space vector-field representatlon of a Wasserstein tangent vec-
tor. Similar to the illustration in Fig. 7, when particles {xt },; distribute obeying g, at time ¢ and

move under a deterministic dynamics dx, = V,(x,) dt (bottom two red arrows), i.e., each moving
with velocity V, (xf')), they form a new configuration at time 7 + € which defines a new distribution

Grve- As € — 0, the dynamics induces a continuously evolving distribution (g,),, which is a curve
on the Wasserstein space P,(M). The tangent vector along the curve at ¢, is the instantaneous
evolution of the distribution at #, which is given by the continuity equation (33) (or, the FPE
(6) without diffusion), which is in turn determined by V,. So the vector field V, represents a
Wasserstein tangent vector (the red arrow at the top).

equation or the conservation-of-mass formula, which takes the following form
on manifold M:

0,q, = —div(q,V,), (33)

where ¢, is the density under the Riemannian measure [(Villani, 2008, p. 28);
see e.g., Liu and Zhu (2018, Appx. Al) for deriving the manifold extension].
The conclusion equation (33) can be extended to distributions that do not have
a density (i.e., not absolutely continuous) under the Riemannian measure in
the sense of weak derivatives (or called in the sense of distributions)
(Ambrosio et al., 2008, Eq. (8.1.3), Rem. 8.1.1):

- [ [ anaaar= [ | ferano. i) datoa v e @ m.

(Note Eq. 3 for understanding this form of Eq. 33.) Conversely, it is shown
(Ambrosio et al., 2008, Thm. 8.3.1; Villani, 2008, Thm. 13.8; Erbar et al.,
2010, Prop. 2.5) that for any curve (g,), on P,(M), at point g, there exists a
vector field V, on M such that the continuity equation (33) holds in the weak
sense, and the unique existence (up to a set of dg,(x)ds-measure zero) is
attained in a subspace of vector fields,
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L2 (M
{erad glg € C= (M)}, (34)

where the overline means the closure as a subset of the Hilbert space E; (M).P

This correspondence suggests using a vector field on M to represent a tangent
vector on P,(M), and using the above subspace of vector fields equation (34)
as the tangent space Ty, P,(M) (Ambrosio et al., 2008, Def. 8.4.1, Prop. 8.4.5;
Erbar et al., 2010, Def. 2.3).

What is particularly insightful of this correspondence is that the vector
field V, defines a dynamics on M which determines how the Wasserstein
curve (¢q,), moves along the corresponding Wasserstein tangent vector as an
evolving distribution. So we can carry out simulation of the Wasserstein curve
by simulating the dynamics on samples/particles in M. Specifically,
Exp.(eV,(-)#lq,] is a first-order approximation of ¢,,. in terms of the Wasser-
stein distance dp, (Ambrosio et al., 2008, Prop. 8.4.6), where Exp. (eV,(-)):
M — M, x — Exp,(¢V,(x)) is the exponential map on the support space M
as a function of position, and ¢4[g] is the pushed-forward distribution of
g by measurable map ¢: M — M, defined by ¢u[q](Z):=q(¢ ' (Z)) for
any measurable subset Z € M (Billingsley, 2012, p. 196). More concretely,
this means that if {x"} is a set of particles of g, then {Exp,i (eV;(x)))} is
approximately a set of particles of g,

For a Riemannian structure, a natural inner product in the tangent space
T, P2(M) is the one inherited from Efb(./\/l). What makes a coincidence is

that the induced distance in the Riemannian sense (Eq. 2) is exactly the
2-Wasserstein distance (Eq. 31), which is revealed by the Benamou—Brenier
formula (Benamou and Brenier, 2000; Otto, 2001; Villani, 2008, Ch. 15).
So this Riemannian structure can be seen as a finer characterization of the
Wasserstein space as a metric space. Various geometric objects can be then
induced. Of particular interest is the gradient of a function F on P,(M).
The general formulation is (Villani, 2008, Ex. 15.10; Ambrosio et al., 2008,
Lem. 10.4.1):

PFor this conclusion, Ambrosio et al. (2008, Thm. 8.3.1, Def. 5.1.11) and Erbar et al. (2010,
Prop. 2.5) require the curve (g,), to be locally absolutely continuous in a metric-space sense
(Ambrosio et al., 2008, Def. 1.1.1; Erbar et al., 2010, Def. 2.2), while Villani (2008, Thm.
13.8) further restricts (g,), to be Lipschitz-continuous which enlarges the subspace by allowing
@ € CHM).

IThe space defined in Eq. (34) can be seen as the quotient space of E; (M) under the equivalent
relation U ~ V : div(q,U) = div(g,V ), i.e., they induce the same evolving distribution via the
continuity equation (33). More precisely, the space (34) is the orthogonal complement of
{Ve Lfb(/\/l) | div(¢,V) =0} (Erbar et al., 2010, Lem. 2.4), as can be seen from Eq. (3)'
div(g,V) = 0 <= [0 div(q,V) do, = — [\ (grad ¢, V)7 yuq, dog = —(grad ¢, V)2 ()
0,V € CT(M). This space (34) is also equ1valent to the set of vector fields that achieve a'certain
evolving distribution with the minimum ﬁ (M) norm: {argmin, 2 (M)divig,V)=f I VHLZ M)
\feL1 (M sthfdwg—O}(Erbarctal 2010, Lem. 2.4).
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SF
grad F(q) = grad 5 (q), (35)

where the function 5F (q) on M is the variation of F at g as a functional of

distribution g, characterlzed by sz q,) f M 6q (q,) do,g, in the sense of

weak derivative for any evolving distribution (g,),. Note that the Lh.s. is a gra-
dient vector at ¢ on the Wasserstein space P, (M), while the r.h.s is a gradient
function as a vector field on the supporting manifold M. Particularly for the
KL divergence, its gradient is given by (Villani, 2008, Formula 15.2, Thm.
23.18)"

grad KL, (¢) = grad log (¢/p). (36)

Note that this coincides with —V}z (Eq. 28) on Euclidean spaces. For an anal-
ogy to the Euclidean case, the gradient flow converges exponentially if the
Wasserstein function is geodesically strongly convex on the Wasserstein space
(Villani, 2008, Thm. 23.25, Thm. 24.7; Ambrosio et al., 2008, Ex. 11.1.2). For
the KL divergence, this requires log p to be strongly log-concave for M = R”
(Ambrosio et al., 2008, Def. 9.4.9, Lem. 9.4.7) and a similar but involved
requirement for a general manifold M (Villani, 2008, Thm. 17.15). Gradient
flow can then be defined and simulated in the way described in the previous
paragraph.

As a literature remark, Villani (2008) also made detailed description on the
optimal transport problem, dedicated analysis on the curvature of P,(M)
induced from that of the base manifold M, and on the convexity of functions
on P, (M). Ambrosio et al. (2008) extended and formalized the concept of gra-
dient flow and other geometric objects for general metric spaces. For the
Wasserstein space, they only considered the Euclidean support but made anal-
ysis in parallel on the p-Wasserstein space P,(R™) for p # 2, which is no longer
a Riemannian manifold but a metric space. Erbar et al. (2010) and Santambrogio
(2017) gave concise summaries of the two books. Lott (2008) presents explicit
calculations of more Riemannian manifold objects for P,(M).

In the spirit of information geometry (see Fig. 1), Chen and Li (2018) and
Wang and Li (2022) also considered using the Wasserstein distance (resp. KL
divergence) to measure the infinitesimal difference between two likelihood
distributions, and induced a parametric Wasserstein metric (resp. Fisher—
Rao metric). More variants are also considered (e.g., the Stein geometry to
be introduced in Section 4.3.2).

4.3 Geometric view of particle-based variational inference methods

As mentioned in Section 4.1, the development of SVGD resembles the pro-
cess of defining the gradient as a steepest ascending direction on an abstract

"To make the expression well defined, ¢ needs to be absolutely continuous w.r.t. p.



Geometry in sampling methods Chapter | 10 267

space. We now review some formal descriptions of this intuition from the
view on the Wasserstein space and a variant space. In this section we restrict
our attention to the Euclidean case M = R".

4.3.1 View from the Wasserstein space

As seen from Section 4.2, theory on the Wasserstein space formalizes the
intuition of the gradient of a Wasserstein function, and links it to a particle
dynamics, so it is a natural choice (Chen et al., 2018a; Liu et al., 2019a).
Indeed, as mentioned right below Eq. (27), if the space X is taken as
th (R™), the optimal vector field V- is just —grad KL, by Eq. (36). To relate
it to the SVGD vector field equation (29), Liu et al. (2019a, Thm. 2) gave the
following relation:

VSVOP = max - argmax(—grad KL,(q,),V:) 2 ®")>

Ve |[V[lym=1

which suggests V,SVGD is the projection of the Wasserstein gradient of KL,
onto the vector-valued RKHS H".

To further understand this approximation, note that if the space of optimiza-
tion is taken as ﬁ; (R™), then —grad KL, is recovered. For a Gaussian kernel,

the replacement from ﬁfb (R™) to H™ is roughly doing a kernel smoothing:
2

L
H™ is isometrically isomorphic to {¢ xK | ¢ € Lﬁ[} “ (Liu et al., 2019a,
Thm. 3), where (¢ * K)(x) := [pnp(x')K(x,x") dx’is the convolution of ¢ with
the kernel K. Furthermore, for each individual ¢, this kernel smoothing

reduces its “sharpness”: elementwise, ¢’ x K is %g—Lipschitz, where B :=

sup, cgn|¢'(x)| bounds the original function ¢', and & is the bandwidth of the
Gaussian kernel K (He et al.,, 2022, Thm. 2). This smoothing operation
over vector fields is shown equivalent to smoothing the density itself,
i.e., using gx := ¢ * K in place of ¢ so that the empirical distribution §(x) :=
Ilvzﬁilaxm (x) can be plugged in for ¢, where 5, (x) denotes the Dirac delta
measure that puts all the probability mass only at the point x'”. The smoothing
operation (in either way) is regarded mandatory for a well-defined vector field
(Liu et al., 2019a), as KL,(q) is defined as infinity if g is not absolutely continu-
ous w.r.t. p, which is the case when ¢ = 4.

4.3.2 View from the Stein geometry

Under the view of Wasserstein space, the kernel enters only as a smoothing
approximation to geometric objects. This may be insufficient to analyze the
SVGD dynamics precisely, and a geometric structure involving the kernel is
expected. Liu (2017) made an attempt where the tangent space, i.e., a space
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of vector fields, is taken as the vector-valued RKHS H” with the same inner
product. Under this choice, the gradient of KL, recovers the SVGD vector
field equation (29) indeed. Nevertheless, this is only a formulation. For a
complete geometric development, it remains to show the manifold as a set
and the one-to-one correspondence between an element in the defined tangent
space and a tangent vector of a curve on the manifold. In this spirit, the theory
is improved by Duncan et al. (2019), who called it Stein geometry.®

Specifically, the manifold as a set is taken as the collection of fully sup-
ported, absolutely continuous distributions that make K(x, x) have finite
expectation, denoted Pk. In contrast to using the entire ", they refine the
tangent space at ¢ € Pk as (Duncan et al., 2019, Def. 5):

s
T,Px :={K;Volp € C2(R™)} ",

where Ky :Li(Rm) —H, (Kif)(x):= / K(x, X )f (X )gq(x) d¥

RrR™

is the integral operator of kernel K and is applied elementwise if the operand
is a vector.' This is similar to Eq. (34) except that kernel smoothing is applied
to each vector field, so it guarantees a unique representation of a tangent vec-
tor of Pk (Duncan et al., 2019, Lem. 7(2)) (see Footnote 4.2). Under the same
inner product of H"™, the gradient of a function F on Px is (Duncan et al.,
2019, Lem. 9) gradp, F(q) = K,V (g), which is the kernel-smoothed

Wasserstein gradient equation (35). This leads to the SVGD vector field
gradp KL,(q,) = —VSVaDR, (37)

since V3VGP = K, V2 = —K, grad KL,(¢,) by definition (Eq. 29) (and inte-
gration by parts). More geometric structures such as the corresponding dis-
tance (Duncan et al., 2019, Def. 13) and geodesic (Duncan et al., 2019,
Prop. 18) are developed. Note that if K(x, x') = ,(x')/q(x'), then /C, is the
identity operator, and Stein geometry reduces to the Wasserstein geometry.

*Nevertheless, this name may not well reflect the exact characteristics of the theory. Back to the
origin (Liu and Wang, 2016), the label “Stein” is introduced via the connection of the objective in
Eq. (27) to Stein’s method (Stein, 1972) for constructing probability metric (Stein discrepancy
(Gorham and Mackey, 2015)), where S, :V — —V . (pV)/p is called Stein operator. It
describes how the distribution evolves and is also used in the Wasserstein space case. What is spe-
cial in the new geometric structure is the incorporation of kernels. So it may be better called
“kernel-smoothed geometry” or “kernelized-Stein geometry.”

‘Duncan et al. (2019) originally defined the tangent space as the corresponding space of d,q, via
the continuity equation (33), i.e., applying V — —V - (¢V ) to the definition here. The results
of the two definitions are isometrically isomorphic thus both are Hilbert spaces (Duncan et al.,
2019, Lem. 7).
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Duncan et al. (2019) also introduced some concepts and results that are
particularly useful for analyzing the SVGD dynamics. They defined the Hes-
sian of KL, (Lem. 22), local geodesic strong convexity of KL, in terms of the
Hessian (Lem. 25), and the consequent exponential convergence of KL, near
the optimal solution p (Thm. 20). Furthermore, they found an equivalent cri-
terion for the strong convexity of KL, near p with strength 4 > 0, called the
Stein—Poincaré inequality (Lem. 32):

(@, Ap k0 2m) = M5 9) 2wy, Vo € CE(R™) st / pdp=0,
where A, kp:=—-V-(pK,Ve)/p, Yo e CXR")
(38)

is the kernelized Barbour’s generator of the Stein gradient flow of KL,,, which
relates to the kernelized Stein operator by A, xp = S, xVe." This criterion
makes convexity identification easier, since A,k is a self-adjoint and positive
semidefinite operator on L;(R"’ )" which leads to the linear algebra problem of
spectral gap.

The convexity can also be described in other ways. Recall that a nice prop-
erty of a convex function is the exponential convergence along its gradient
flow. For KL,,, we can impose a simple condition to achieve exponential con-
vergence: KL,(¢,) < —4; $KL,(g,), where (g,), is the gradient flow of KL,
on Pk . Substituting Eq. (37) into Eq. (26), we get the Stein-log-Sobolev
inequality:

1
KLP(Q) < ﬂlp,K(Q)’

where I,x(q) = E,[V(q/p) - K,V (q/p)] =l K,V Iog (q/p)ll5,  (39)

is again a kernelized object called Stein—Fisher information. In fact, it is a
probability metric constructed using Stein’s method, called the kernel Stein
discrepancy (after square-rooted) (Chwialkowski et al., 2016; Gorham and
Mackey, 2017; Liu et al., 2016b), which generalizes the Fisher divergence.
Stein-log-Sobolev inequality is a stronger condition than Stein—Poincaré
inequality (Duncan et al., 2019, Eq. (61)). Note that this line of developing
a convexity theory on a probability manifold is in parallel to that of Villani
(2008) for the Wasserstein space P,(M) (Hessian formula (15.7), convexity

“Likewise, the vanilla Barbour’s generator (Barbour, 1990) of the Wasserstein gradient flow of
KL, (which is the overdamped Langevin dynamics) is A, := —V - (pVe)/p, which holds the

same relation to the Stein operator S,(V) := —V - (pV)/p (see also Footnote s).
YThe domain in the definition (38) can be extended to LLZI(R"‘) in the sense of weak derivative.
— = LA(R")

Also note CZ°(R™)
Thm. 2.11).

= L;(]Rm) if g is absolutely continuous (Kovacik and Rakosnik, 1991,
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(Def. 16.5), Poincaré inequality (Def. 21.17), log-Sobolev inequality (Def.
21.1) and the sufficiency for the former (Thm. 22.17)). The Wasserstein
theory can be recovered by choosing K(x, x') = §(x)/g(x').

This kernelized extension is more suitable for analyzing SVGD. Korba
et al. (2020) made a nonasymptotic analysis. In the infinite-particle regime,
the difference of KL, between two adjacent updates is bounded by I, x at
the former update (Prop. 5; also Liu, 2017, 3.3) which serves as a descent
lemma in optimization theory, and the cumulative moving average of I, x
converges to zero inversely linearly (Cor. 6). For bounded log p and Lipschitz
kernel with Lipschitz gradients, they also found a bound on the expected
squared Wasserstein distance between the empirical distribution of finite
particles and the true particle distribution, which decays inversely to the
square-root of the number of particles. Chewi et al. (2020) reformulated

VYOl = —K, Vlog (q,/p) as —Kq,((p/a,)V(a./p)) = —K,V (q,/p) . which
is the Wasserstein gradient of the chi-squared divergence ;(ﬁ(q,) =

[(g?/p) dx — 1 by Eq. (35) (up to a factor of 2). The integral operator K, does
not depend on time anymore which inspires a characterization for a desired
kernel and a new ParVI method. They also proved exponential convergence of
KL, along the (unkernelized) ;(12, gradient flow given Poincaré inequality, and
the inverse quadratic, or exponential convergence of ;(12, itself given Poincaré
inequality, or the log-Sobolev inequality (implied by log-concavity of p).

4.4 Geometric view of MCMC dynamics and relation to ParVI
methods

As an interlude, one may also wonder if a similar geometric view for MCMC
dynamics is possible. As MCMC dynamics do not need kernel smoothing, the
Wasserstein-space view is more relevant.

4.4.1 Langevin dynamics

To begin with, it was found decades ago by Jordan et al. (1998) that the
Langevin dynamics equation (11) induces evolving distributions that are the
gradient flow of KL, on the Wasserstein space P,(R"). The argument was
made where the Wasserstein gradient flow is defined in the metric-space
sense of the minimizing movement scheme (Eq. 32) (so it is also called the
JKO scheme following the authors’ initials). With the Riemannian structure
introduced in Section 4.2, this can be seen more directly: the dynamics
dx, = Vlog (p/q,) dt (in the sense of weak derivative if p or ¢, as a distribu-
tion is not absolutely continuous) defined by the Wasserstein gradient of KL,
(Egs. 36 and 28) and the Langevin dynamics equation (11) induce the same
evolving distribution due to FPE (6).
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This coincidence also holds for their Riemannian versions, dx, =
G 'Vlog (pL/qu,) dt in coordinate space from the gradient-flow side
(Eq. 36), and Eq. (14) in coordinate space from the Riemannian Langevin
dynamics side (Eq. 12)." Alternatively, we can assume this coincidence in
the first place, and derive the coordinate expression of the Riemannian
Brownian motion via FPE (6):

V2dB, =V - (\/|GIG™")/\/|G] dr + V2G ! dB,,

which bridges Eq. (12) to Eq. (13) or Eq. (14). This could serve as an alterna-
tive way to generalize Brownian motion to Riemannian manifolds, in addition
to using the generalization of the heat equation as introduced in Section 3.2
(Eq. 14).

Compared to the general form of MCMC dynamics equation (8), the
Wasserstein gradient flow of KL, i.e., the Riemannian Langevin dynamics
equation (14), covers the case when Q = 0 and D is nondegenerate.

4.4.2 Hamiltonian dynamics

Another instance that has a geometric interpretation is the Hamiltonian
dynamics used in HMC. Since it is a classical physical process, its analysis
has a longer history. Typically it is interpreted as the Hamiltonian flow/vector
field of a function called Hamiltonian, which is log p(x,r) in this context, on a
symplectic manifold,” or more commonly on the cotangent bundle 7*B of a
manifold B with its canonical symplectic structure (Betancourt et al., 2017).”
A key feature of the Hamiltonian flow is that it keeps Hamiltonian constant.

“The dynamics expressions in coordinate space all use densities w.r.t. the Lebesgue measure per
requirement of the FPE (6).

*A symplectic structure is a nondegenerate (¢, # 0,Vx € M) and closed (d¢ = 0) 2-form
(Section 2.3) on the manifold M. The Hamiltonian vector field X of a function f, which is called
the Hamiltonian, is characterized by ¢(X;,V)=V[f],VV €T (M). Such X, is unique:
s(Xr — X}, V) =¢(Xy,V) —¢(X}, V) = V[f] = V[f] =0 indicates X; — X =0 since ¢ is nondegener-
ate. It keeps Hamiltonian invariant: X{f] = ¢(Xy, X, which is 0 since ¢ is antisymmetric. Its coor-
dinate expression is ¢ = Zlgiqgm Cij dx' A dﬂ, where the m x m matrix (g;) is antisymmetric.
Note that det|(s;)] :det[(g,,-)T] =det[—(g;)] = (—1)"det[(¢;)], so the nondegeneracy requires m
to be even.

YLet {x'}7_, be a coordinate system of B. Recalling Section 2.3, at each point x € 5, {dx'}"_, is a
basis of Ty 3, and any 1-form y has a coordinate expression y = r; dx’. So {ad },m:] is a coordinate
system of T*B. The canonical symplectic structure is then defined as ¢ = >_i* dx’ A dr, which
can be shown to be coordinate independent. See e.g., Da Silva (2001) for more information. Under
this construction, the coordinate expression of ¢ is S,, defined below.
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Similar to the Riemannian structure case, a symplectic structure can be
constructed to the Wasserstein space P,(M) using that of M (Ambrosio
and Gangbo, 2008; Gangbo et al., 2010, Ch. 6). For the cotangent bundle
T*B of a base Riemannian manifold B with its canonical symplectic structure,
the resulting Hamiltonian vector field of a function H on the Wasserstein
space P,(T*B) is:

OH
XF (q) - ]7"6[ <Smgradx,r 6_(]> 5

0 —I,
I, O
Particularly for KL, where p(x,r) :=p(x)N(r|0,%) in the Euclidean case, this
Hamiltonian vector field recovers the Hamiltonian dynamics equation (19).**

This corresponds to the general form of MCMC dynamics equation (8)
when D = 0 and Q = S. Although a more general Q can be interpreted as a
general symplectic structure, a symplectic structure always requires the
dimension of the manifold to be even, following the nondegeneracy require-
ment on its 2-form representation (see Footnote x).

where S, := ( > , and 7, is the projection from E;(T*B) to T, P, (T*B).”

4.4.3 General MCMC dynamics

To enclose the gap to the general form of MCMC dynamics equation (8), new
geometric constructions are expected. For this, Liu et al. (2019b) introduced
the so-called fiber-Riemannian Poisson (fRP) structure that generalizes the
Riemannian and symplectic structures, and the fiber-gradient Hamiltonian
(fGH) flow that generalizes the gradient and Hamiltonian flows.

4.4.3.1 Fiber-Riemannian structure and fiber-gradient flow

Cx) 0

0 0 )
by choosing a proper coordinate system (x',...,x") = (yl,...,yl,zl,...,z’”’é),
where the ¢ x ¢ matrix C(x) is everywhere positive definite (thus nondegener-
ate). The manifold M can then be split into two parts: the space F with coor-
dinates (y',...,y") that correspond to the matrix C, and the space M with the
rest coordinates (z', ozt ). On the first part, C(x) = C(y, z) can be treated
as the inverse Riemannian metric G~ '(y|z) on that space, which matches the
Wasserstein gradient flow. But such a metric in general also depends on the
position z in the second part M, which is out of the F space itself. To

For a positive semidefinite D, it can be transformed to D(x) = (

“That is, subtracting a vector field V that satisfies div(gV ) = 0 to make the vector field achieve

minimal Ez norm. ~V, logq
*“Up to a minus sign; note that the additional part V = ( ' >has V- (gV)=0.

V,logg
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describe such dependency, the construct of fiber bundle is introduced, which
is roughly a generalization of the product space M =F ® M, where both
factor spaces F and M, can be manifolds, and at each point of the second
space z € M, the first space is allowed to have a z-specific structure (hence
denoted F,) while is still diffeomorphic to F. The above Gil(y|z) can then be
interpreted to define a Riemannian structure on the corresponding fiber
space JF,. This partial Riemannian structure defined by D(x) is thus called a
fiber-Riemannian structure by Liu et al. (2019b). Correspondingly, the gradi-
ent now can only be defined on each fiber space, and the union of gradients
over all fibers F,,Vz € M is defined as a fiber gradient:

gradg, f (x) = D7(x)0; (x)0;. (40)
However, it is hard to develop a fiber-Riemannian structure on the

Wasserstein space P, (M), so Liu et al. (2019b) turn to consider 732(/\/1) =
{q(+]z) € P2(F.)|z € Mp}. Tt naturally has a fiber-Riemannian structure.
The fiber gradient of KL, then recovers the first part of the MCMC dynamics
equation (10) exactly:

—n4(gradg KL, (q)) = DVlog (p/q). 41

4.4.3.2 Poisson structure and Hamiltonian flow

For a general antisymmetric Q, it can be viewed as a Poisson structure on the
manifold M. A Poisson structure refers to a Poisson bracket {-, -}, which has
its origin from classical mechanics describing the evolution of a mechanical
quantity. Formally, {-, -} is a Lie bracket on C*(M), i.e., an antisymmetric
bilinear C* (M) x C®(M) — C*(M) map with Jacobi identity {f, {g, h}} +
{g, {h, f}} + {h, {f, g}} = O, that satisfies the Leibniz rule {f, gh} = g{f; h} +
{f, g}h. Since the Poisson bracket is linear and has a differentiation behavior, it
can be linearly represented using tangent-vector basis for any given coordinate
system: {f.h} = (X, x]}azfajh = Zl§i<j§m{xl» x’}(d,:fajh — 0fo:h) = Zl§i<j§m
(X, X}(0; ® 0; — 0; @ ONdf @ dh) = 31 <jcjam{X’, ¥ }(9;A0))(df @ dh). This sug-
gests another representation of the Poisson structure as a bivector (or 2-vector)
field™ (x) = D i<ic ,»Smﬂ’j(x)d,» A 0, where (8")(x) is everywhere an antisymmet-
ric matrix (dual to the symplectic structure; see Footnote x) and satisfies the
corresponding differential Jacobi identity plop* + plopt + plop’ = 0, Vi, j, k.

“bForrnally, dual to a 2-form (Section 2.3), a bivector field is everywhere an antisymmetric
bilinear function on (77 M)2 (where df ® dh lives), or alternatively a combination of the wedge
products (antisymmetrized tensor product) of vector pairs (hence the name).
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The correspondence between the two representations is given by {f, 7} = p(df, dh).
As both the Poisson structure (a 2-vector) and the symplectic structure (a 2-form)
bear the antisymmetric bilinearity, they have a one-to-one correspondence via the
linear space duality if the Poisson structure is nondegenerate (see Footnote x;
Fernandes and Marcut, 2014, Lem. 1.28). So a Poisson structure covers more than
a symplectic structure, as it does not have to be nondegenerate; particularly, it
allows an odd-dimensional manifold.

Similar to the case on a symplectic manifold, a Hamiltonian flow can also
be defined under a Poisson structure. The corresponding Hamiltonian vector
field is defined as X,(-) := {-, h}, which keeps the Hamiltonian invariant
X,(h) = 0, as expected. It holds the following coordinate expression from
definition:

Xu(x) = pY(x)0;h(x)0;. (42)

A Poisson structure { -, -}y, on the Wasserstein space P>(M) can
also be developed using that { -, - },, of M (Lott, 2008, Sec. 6; Gangbo
et al., 2010, Sec. 7.2). For functions F(q), H(q) on P,(M), define their Pois-

L OF OH oF
son bracket as {F,H}p, () := [y, {$<Q)$(Q)}M dg (note 3 (¢) and

SH
dq

Wasserstein space P»(M) is given per point g as Xp(q) = m4(Xu(,) ), where

(¢) are functions on M). The corresponding Hamiltonian flow on the

the projection r, is used to map the dynamics X%(q) to the Wasserstein tan-
q

gent space T,P2(M) (Eq. 34) while achieving the same evolving distribu-
tion. Particularly, for KL, on P,(M), the Hamiltonian flow is (Liu et al.,
2019b, Lem. 2):

Xk, (q) = 74(B"0;1og (¢/p)d;). (43)

This form exactly matches the rest part of their reformulation of a general
MCMC dynamics equation (10) if (6Y(x)) is taken as —Q(x) (Liu et al.,
2019b, Thm. 5).*

4.4.3.3 {RP structure and fGH flow

To wrap up, if a manifold M is equipped with both structures, it is called a
fiber-Riemannian Poisson (fRP) manifold, and the combination of both

“Common instances of Q satisfy the differential Jacobi identity, required by a Poisson structure.
Exceptions include SGNHT-related dynamics. Nevertheless, the identity does not seem funda-
mental for this geometric construction (even unnecessary for the conservation of Hamiltonian
along Hamiltonian flow).
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flows Egs. (40) and (42)) of a function is called the fiber-gradient Hamilto-
nian (fGH) flow. The geometric view of a general MCMC dynamics
targeting p can be then stated as the fGH flow of KL, (Egs. 41 and 43) on
the Wasserstein space P,(M) of an fRP manifold M (Liu et al., 2019,
Thm. 5).

To draw more intuitions from this geometric view, the fiber-gradient flow
decreases KL,z on each fiber and drives each q(+|z) toward p(-|z), while the
Hamiltonian flow keeps the target distribution p(x) = p(y, z) invariant while
makes more exploration in the sample space. The Langevin dynamics (Eqgs.
11 and 14) defines a usual Riemannian structure (nondegenerate D, all fibers
= M, M, degenerates) and null Poisson structure (Q = 0). The evolving dis-
tribution is driven to the target distribution p by the gradient flow. On the
other extreme, the Hamiltonian dynamics (Eqs. 19 and 21) defines a null
fiber-Riemannian structure (D = 0, fiber space degenerates, My = M) and
a nondegenerate Poisson structure (nondegenerate Q). It allows wilder while
eligible exploration hence appears more efficient than the Langevin dynamics.
Nevertheless it is fragile to gradient noise (Betancourt, 2015; Chen et al.,
2014), as it only guarantees p is a stationary point but lacks a driving force
toward p under perturbation. The SGHMC dynamics (22) interpolates
between the two extremes. Its half-ranked D matrix defines a Riemannian
structure only in each cotangent space of a base manifold 1, so the fiber bun-
dle M is the cotangent bundle 7*/5. The symplectic structure of T*B defines
the Hamiltonian flow, and the fiber-gradient flow stabilizes the process in
each fiber space, where the gradient noise comes.

4.4.3.4 Inspiration for more general ParVl methods

As mentioned in Section 4.3.1, the classical ParVI method, SVGD, can be
seen as a deterministic simulation of the Wasserstein gradient flow of KL,,.
Under the general geometric view here, there are now more options. Liu
et al. (2019b) introduced ParVI methods that simulate the SGHMC dynamics
(22). The development is done by reformulating the dynamics as equivalent
deterministic ones using Eq. (9) or Eq. (10),

dr dr
§:2 L ?:Z L4V, logqu(r),
d—’t =Vylogp(x) — Cr — CEV, log s (r), d—’t =V, logp(x) — Cr — CEV, logqs(r) — Viloggs(x),

and then leveraging ParVI techniques (including SVGD) to estimate all the
Vlog g, with corresponding particles. For example, the Blob method (Chen
et al., 2018a) (see Section 4.5.1) leads to the following particle updates:



> Vo Vi K%

Lol Z 3oy — g1, 4

R R . k+1 q l )
Lo, — ) = 57179, ‘ ZK Sk
1, i K" (i)
S0 =) = Vo logp(y) - ) o 2 Xi’)Kxi’ Vi (44)
E

- =v o logp(x 0y — _
i TNkl I w>
ZIV (i) K,(l vr,((,) K’(’}? Zij(:'g Z

i + Z ] ’ i,
2, K'( i DI e _cx D VoK 'y V0K kl)
el e

where Kf"k’) = K,.(r,((i),r,@) for a kernel K, for the momentum r, and similarly for Ki’}? The new methods inherit the faster

exploration from the Hamiltonian flow.
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4.5 Variants and Techniques Inspired by the Geometric View

4.5.1 Other methods for Wasserstein gradient flow simulation
The key to the deterministic simulation of the Wasserstein gradient flow (36)
is the estimation of the set of vectors U": U™ := ¥ log ¢(x') using particles

{x() }i\/:l of g. This is also where a smoothing operation is required as dis-
cussed in Section 4.3.1. Besides the way that SVGD estimates it, other meth-
ods are developed.

Perhaps the most straightforward treatment is the kernel density estimator
q(x) ~ G (x; {x@},) := L7 K (x, x), which forms a ParVI method named
gradient flow with smoothed density (GFSD) (Liu et al., 2019a). The corres-

¥ JK0 . ;
ponding approximation is USFP™ = Z‘g%, where K% := K(x, x),
It shows less diverse particles than SVGD.

This spirit of smoothing density with kernel can be extended. Noting that
Viogg = V(% E,[logg]), it only requires smoothing the ¢ in log g for allow-
ing the use of the empirical distribution §(x) hence particles. This can be done

by: UBI® .= V(%Eq[log (¢ % K)]) = Vlog(q+K) + V(L + K), or in terms

) i v o K0 N&
of particles, UB® g 2y Oy Yok Yok (Chen et al., 2018a). The

Z/K(m Z/K(/’.k)
method is called Blob due to its origin in fluid mechanics. Note that it adds
a term to U™, which perhaps explains its more spread particles than GFSD.
A more involved method is proposed by Liu et al. (2019a) under the per-
spective of doing kernel smoothing on vector fields (vs on densities), hence
called gradient flow with smoothed function (GFSF). This is done by noting

that Vlogg = —argmin; 2 max gec= g . =1 (Eglp- U -V #))*, and smooth-
q

ing the vector field can be done by replacing Li by the RKHS H™ as done
by SVGD: USFSF = —argmin,,_ 2 max gepm g, =1 (Eqlep - U~V - ¢])*. The
solution using particles is given by U™F = —JK~!, where J* := ZjVMK("*").
An interesting connection to SVGD is that, if denoting P := V , log p(x@ ), then

VOIS = P+ JK™! while V3VOP = PK + J, so VO™F =VSVPK~!. Another
noticeable connection is to the research direction of gradient estimation for
implicit (meaning no density; only samples) generative models. Particularly,
USFF coincides with the result by Li and Turner (2018) developed from another
intuition. Moreover, there are other techniques (e.g., Shi et al., 2018) in the direc-
tion that are worth a trial for ParVI.

Besides simulation using the Wasserstein gradient under a Riemannian
perspective, there are also works that explored gradient-flow simulation in
the metric-space sense. Chen et al. (2018a) leveraged the minimizing move-
ment scheme (Eq. 32) for defining the gradient flow (Ambrosio et al., 2008,
Def. 2.0.2). Due to the definition of the Wasserstein distance equation (31),
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each simulation step amounts to a regularized discrete optimal transport prob-
lem, which is solved approximately and analytically with preset Lagrange
multipliers for both marginal-distribution constraints. For other variants,
Ranganath et al. (2016) solved Eq. (27) over the parameter space of a neural
network model, but this introduces additional optimization cost in each
update. The smoothing effect is implicitly controlled by the Lipschitzness of
the neural network.

4.5.2 Riemannian-manifold support space
4.5.2.1 Riemannian SVGD

Liu and Zhu (2018) made the first attempt to extend SVGD to a Riemannian-
manifold support/particle space (M,g), called RSVGD. They started with the
Riemannian version of Eq. (26) based on the Riemannian continuity equation
(33) (Liu and Zhu, 2018, Lem. 1):

3L, (g) = B, [iv(pV) /p] = B, [Vi[logp] + div V)], (43)

where the densities are w.r.t. the Riemannian measure w, on the manifold
(M,g) (Liu and Zhu, 2018, Thm. 2). To find a vector field V; maximizing
the decreasing rate by solving Eq. (27), requirements on the optimization
domain X are introduced: the analytic solution should be a valid vector field
on M and is coordinate independent. The requirements appear very natural,
but are not easily satisfied. For example, every valid vector field on an even-
dimensional hypersphere must have a zero point [hairy ball theorem
(Abraham et al., 2012, Thm. 8.5.13)], which cannot be guaranteed by the choice
in SVGD X ="H" for a particular coordinate system, nor can coordinate inde-
pendency. Liu and Zhu (2018) then chose the space X = {grad ¢ | ¢ € H}, where
‘H is the RKHS of a kernel K defined on M. It naturally guarantees the require-
ments since the gradient is always a valid and coordinate-independent vector
field. For common kernels (e.g., Gaussian kernel), such X inherits an inner prod-
uct from H, which makes X a Hilbert space (Liu and Zhu, 2018, Lem. 3) and
leads to the analytic solution:

VRSVOD(¢') = grady B, [(grad,K)[logp(x)] +Lap,K]

= g(x/)i,j, 09 Eq () [(g(x)ljaxz logpy (x) + 0x[g(x)'j)(3ij + g(x)’:iaxi a,K] d.
= G() 'V, [(G(0) ™ Viogpy (x) + V-G(x) ) Vak +G(x) " : ViV K],
(46)

where K is evaluated at (x, x'), and p; (x) = p(x)+/|G(x)| (Liu and Zhu, 2018,
Thm. 4). This expression can also be estimated using particles since g, only
appears in expectations. When used with the Fisher—Rao metric, RSVGD
achieves faster convergence than SVGD for Bayesian logistic regression.
For applications on manifolds without global coordinate system, e.g., hyper-
spheres, simulation in the embedded space E(M) C R" of the manifold is
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preferred due to the argument in Section 3.3. Liu and Zhu (2018) also derived
such an expression:

VESYEDemb (y1) = A(Y)VyEy () {Vlog (PVIGO)) AG)V,K + V2K
—a(PO) (VY] KPG) +U0)T9)(G0) ) IVK].

where P(y) € R™ (") is a set of orthonormal basis of the orthogonal com-
plement of the embedded tangent space Z«(TM). Particularly for the hyper-
sphere S"', this reduces to:

SVGD,sph
VISP 1) — (1, =y T ) Wy, ) [V logp(y) TV K+ V2K =T (V9] K)y

—(y" Vlogp(y)+n—1)yT V),K].

It achieves a faster convergence and better particle efficiency than embedded-
space MCMC methods introduced in Section 3.3 for the spherical admixture
model (Reisinger et al., 2010).

4.5.2.2 Mirrored SVGD

More recently, Shi et al. (2022) considered an extension of SVGD to leverage
the mirror descent technique (Beck and Teboulle, 2003), which is an approach
in optimization to handle constrained domain and Riemannian geometry.
For minimizing a function f on a possibly constrained Euclidean domain
X CR™, the method follows the minimizing movement scheme (Eq. 32),
Xe+1 =argmin, y1d, (x, x¢) + Vf (x¢) " x, using the so-called Bregman diver-
gence (may not be a distance) d,(x, xp) := w(x) — w(x) V() (x — xp)
defined by a strongly convex smooth function . The solution has an expres-
sion xg, = V' (V(x) — eVfixy), where ' (y) := sup, ¢ ¥ ' x —w(x) is the
convex conjugate (Legendre transformation) of y, and the strong convexity
indicates (y")* = y and that y = Vy(x) is a bijection to the mirrored space
Y :=Vy(X) with inverse x = V' (y). The expression is interpreted as first
mirroring x; to the mirrored space y, = Vi (x;) and conducting gradient descent
there y..1 = yx — €Vf(xp), then mirroring back to the original space x;,; = A\
(Vk+1)- This explains the name. For an example to handle a constrained opti-
mization domain, consider the simplex A”:={x€ (R,)"|> 7 ,x' <1} and
w(x):=Y" xlogx’ +x™* ! (x)logx™*!(x) where x™!(x):=1—3"" x'. The
mirror map is Vi (x) = log (x/x™*!(x)) elementwise, which leads to an uncon-
strained mirror space Vi (A™) =R™.

For developing mirrored SVGD, a helpful insight is that mirror descent can
be seen as a Riemannian gradient descent with G = VV "y as the Riemannian

metric, since lim .o (xg1 — X¢) = —(VVTw(xk))AVf(xk) matches Eq. (1).
Particularly, the above simplex example also shows the usage of mirror descent
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for information geometry: the Bregman divergence d,,(x, x') recovers the KL
divergence KL(Cat( - |x) || Cat( - |x’)) if the simplex points x, X’ are treated
as the parameter of a categorical distribution (on m + 1 categories), and the
Riemannian metric VV "y(x) recovers the Fisher—Rao metric (Fisher informa-
tion matrix) of Cat(-|x).

Under this insight, mirrored SVGD may be seen as a special case of
RSVGD, but there are more subtleties. The tasks are on Euclidean spaces,
meaning a natural, global coordinate system of the manifold, so vector-field
validity and coordinate-invariance are not concerned. On the other hand, as
shown in the simplex example, A™ is a constrained space so updating particles
there is quite involved. But it is much easier to update particles in the uncon-
strained mirrored space, which exactly guarantees the constraint in the origi-
nal space. So Shi et al. (2022) considered solving a dynamics in the
mirrored space, dy, = U,(x,) d¢, similar to the form of mirror descent in the
mirror space. This is equivalent to formulating the dynamics in the original
space as dx, = (VV "w(x)'Ux,) dt = G(x,)"'U,(x,) dt. Under this formula-
tion, the Riemannian version of KL decreasing rate equation (45)becomes™® :

d
~ SKL(q) = B, [SLU)

where  SYU, = UT(VV ) 'Viegp+V - ((VVTw)flUr)
= U/ (VV ) ' Viog (p/|VV w)+(VV yw) " (VU]),

is called the mirrored Stein operator, and p is the density under the Lebesgue
measure of X (different from the case in Eq. 45). Using this expression, Shi
et al. (2022) solved Eq. (27) for maximizing the decreasing rate in the RKHS
of a matrix-valued kernel K on A

UYSYOP() 1= By o [SYK (6],

where S;’,’ operates on each row of K(x, x’) as a vector-valued function of x
(Shi et al., 2022, Thm. 3). Similar to mirror descent, dynamics simulation
for mirrored SVGD is done by first mirroring all x particles to y particles
using Vi, updating y particles using UMSVP, and then mirroring back to x
particles.

The simplest choice of kernel is K(x,x') = K(x,x')I,, where K is a scalar-
valued kernel on &X'. But Shi et al. (2022) found with one particle, the
algorithm does not reduce to mirror descent targeting the mode of p(x). They
thus introduced a geometry-aware, position-dependent kernel:

KY (xx) =B, ) [K}/ 2(x, XYV Ty (K x’)] ,

2‘qu, (18) is used in the last equality.
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where K/ 2(xx!) = >y /1,0, Urq(X)t o(x') is defined under the spectral
expansion/Mercer representation of the scalar-valued kernel, K(x, x') =
> At ats (U (X)), where each (4,4, u;,) solves the eigenvalue problem
By, () [K(x.x")u; (x')] = Au,(x). It drives to the mode of p(x) thus transits to
MAP estimate when using one particle (Shi et al., 2022, Prop. 5), as desired.
Shi et al. (2022) also used a general Riemannian metric in place of VV 'y
(and using the geometry-aware kernel) for leveraging information geometry
in general Euclidean/unconstrained inference tasks, which recovers natural
gradient descent using one particle.

4.5.3 Accelerated gradient flow

Inspired by the geometric view of ParVI methods as approximations to the
gradient descent of KL, on the Wasserstein space (see Sections 4.3.1 and
4.5.1), Liu et al. (2019a) developed new ParVI methods corresponding to
accelerated first-order optimization on the Wasserstein space. Acceleration
of gradient descent in the Euclidean space is done by the well-known Nester-
ov’s acceleration method (Nesterov, 1983), and it has been extended to Rie-
mannian manifolds, including Riemannian accelerated gradient (RAG) (Liu
et al., 2017) and Riemannian Nesterov’s method (RNes) Zhang and Sra
(2018). When written for the Wasserstein space P,(R™), these accelerated
methods introduce an auxiliary distribution variable p € P,(R™) in addition
to the optimized distribution variable g, and the optimization updates are
given by [with slight simplification by Liu et al. (2019a)]:

qr =Exp,, , (eVi-1),

k—1 _ k+a—2
upy, |1 (B, 0 - 2o )| (RAG)
Pk =
EXqu{ClEXP;k {Exppk,l ((1 —c2)Exp, ! (qi-1)+2Exp), ! (tik))] } (RNes)
where V; := —grad KL(p;), and @ > 3 and ¢y, ¢c; > 0 are hyperparameters.

Implementing the algorithms requires estimating the exponential map
Exp,(V ), its inverse Exp’l( ), and the parallel transport I} using particles
{x}; of g and particles {yV } of p. Recall from Section 4 3.1 (Ambrosio
et al., 2008, Prop. 8.4.6), since the geodesic defining the exponential map
is obviously tangent to V at ¢, the Wasserstein-space exponential map
Exp,(V ) can be estimated by:

Exp, (V) = BExp. (V(-))4lg] = (id + V),[q], (47)

where the second Exp is the exponential map of the support space, and the last
equality holds on Euclidean support spaces. This means that {x' + V(x'?)}; is
a set of particles of Exp,(V). The inverse exponential map Exp;1 (p) is given
by 77 — id on Euclidean support space R", where 77 is the optimal transport
map from ¢ to p (Ambrosio et al., 2008, Thm. 7.2.2; Villani, 2008, Cor. 7.22).
Solving the optimal transport problem directly is costly, but Liu et al. (2019a)
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noticed that Exp;l(p) is invoked only for p as infinitesimally updated ¢,
which means the two sets of particles possibly hold the pairwise close
assumption:  d(x"),y() < min {min d(x\", xV)), min;d(y") y(/))}. The
optimal transport evaluated at x can then be approximated as y© — x@.
As for the parallel transport, Liu et al. (2019a) leveraged the Schild’s ladder
(Ehlers et al., 1972; Kheyfets et al., 2000) approximation method that only
requires the exponential map and its inverse. The resulting accelerated ParVIs
are named Wasserstein accelerated gradient (WAG) and Wasserstein Nester-
ov’s method (WNes) that update particles as:

<>—y§)1+sV<y,<€)1)

k—1 k+a—2 i
o [ ) ), nacy
Yo =%+ ke k

ci(ca—1) (x,(y —x,(c) 1) (WNes)

where each V (y”), is estimated using any existing ParVI techniques
(e.g., SVGD, variants in Section 4.5.1).

Taghvaei and Mehta (2019) considered accelerating ParVI dynamics using
a recent powerful unifying framework for optimization dynamics (Wibisono
et al., 2016). The resulting algorithm is in a similar form of the ParVI coun-
terpart of SGHMC, Eq. (44) introduced in Section 4.4.3. The framework has
also been leveraged to accelerate MCMC dynamics (Ma et al., 2019;
Wibisono, 2018).

Another way to accelerate optimization is Newton’s method, which steers
the gradient with the inverse Hessian matrix of the objective. Detommaso
et al. (2018) developed such generalization under the early version of the
Stein geometry, i.e., taking the vector-valued RKHS H" as the tangent
space (Liu, 2017). Specifically, the Hessian of KL, at g is defined as a
function of two tangent vectors V, W: HessKL,(q)(V,W):=
lim, o1 (V[KL,(Exp,(eW))] — VIKL,(q)]), where Exp (eW) = (id + eW),q is
the exponential map (see Eq. 47), and V[F(q)]=(V(q), gradp,,F(q)),. =
(V(q),Vg—‘Z(q))Hm is the action of the tangent vector V on F at ¢ (i.e., the direc-

tional derivative along V; see Section 2.2). Its explicit expression is
Hess KL, (q)(V,W) = —(Ey [Hyp(x, - )W(@X)],V(-))gm, Where Hy,(x,x'):=
K(x,x)VV  logp(x) + V. V] K (x,x') + VK (x,x')Vlogg(x) . In the Euclidean
case, the Newtonian descending direction w is — (VVTf )_1Vf, or vT(VVTf )
w = —v' Vf for all vector v. So the Newtonian descending direction W for
KL, at ¢q is given by: Hess KL, (¢)(V, W) = —V [KL,(g)] for all tangent vector
VeH". This amounts to solving E,u[Hy,(x,x)W(x)]=VSVoP(¥)=
By [K(x,x)Vlogp(x) + V.K(x,x')], which is very costly (Q(N3d3))
Detommaso et al. (2018) made a relaxation of the problem as E, ) [H,,(x.X')]
W(x') =VSVEP(x'), where the interaction of W between particles is decoupled,
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and H,, is simplified as H,,(x,x') :=N,(x)K(x,x') + Ng(x,x’) where the
Hessians of logp and K are replaced with their Gauss—Newton approximations,
and the third term is omitted due to the difficulty of estimation by particles.™
They also consider using a kernel with preconditioning, K(x,x'):=
exp(—(x— ) ' E,[-VV logp](x —x')/(2m)) for faster convergence. Although
this method also leverages Fisher information (through ]\7,,) and the kernel
Hessian VXVIK as RSVGD (coordinate-space version (46)) does, the two
methods are different in formulation, and the connection is yet to be studied.

Quasi-Newton methods for ParVI are also considered to reduce the costly
second-order derivative computation. Zhu et al. (2020) leveraged a Rieman-
nian quasi-Newton method (Kasai et al., 2018) that also allows stochastic gra-
dient and variance reduction, and applied it to the Wasserstein space to develop
a quasi-Newton ParVI method. Geometric constructions are implemented using
the techniques by Liu et al. (2019a) introduced in Section 4.5.3. They also lev-
eraged this general approach to develop variance-reduced ParVI methods,
based on Riemannian stochastic variance reduction gradient (Zhang et al.,
2016) and Riemannian stochastic path integrated differential estimator (Zhou
et al., 2019).

4.5.4 Treatment of the kernel

As mentioned in Section 4.3.1, under the perspective of ParVI as KL,, minimi-
zation on the Wasserstein space, a smoothing operation is mandatory. The
most popular way for this is using kernels (either using kernel density estima-
tion or using RKHS for a function class; see Section 4.5.1), due to its elegant
theoretical properties and efficient implementation. Nevertheless, it also faces
challenges.

It is well known that kernel methods do not work as well in high dimen-
sions. Zhuo et al. (2018) studied the implication for SVGD, and found the par-
ticles tend to collapse and underestimate the marginal variances as dimension
increases. This is due to the vanishing of the repulsive term (second term in
Eq. 30) which is responsible for diversity. Specifically, for a Gaussian kernel,
a Gaussian target distribution, and a Gaussian or compactly supported particle
distribution, the maximal scale of the repulsion was shown to decrease
inversely sublinearly to dimension. To work around this limitation, they pro-
posed a message-passing SVGD, which leverages the conditional indepen-
dency in the high-dimensional random variable under the target distribution,
and remove the corresponding noninteracting dimension pairs in the kernel.
This breaks down a high-dimensional problem into several low-dimensional
problems, and better performance was seen. A similar method is concurrently

“°A better approximation may be omitting the last two terms together, since they cancel each other
under the expectation with g(x) under mild boundary conditions: [ ¢(x)V,K (x,x')V log g(x)" dx =
[ VK (@) Vg(x)" dx = — [V, VIK(x,¥)q(x) dx.
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developed by Wang et al. (2018) which is called graphical SVGD. Ba et al.
(2019) made some further analysis. They showed that for a Gaussian kernel
and Gaussian target distribution, the marginal variance of SVGD-stationary
particles is proportional to the ratio of the number of particles over dimension,
when both are sufficiently large and the ratio is less than 1. They also empha-
sized the collapse is due to both the randomness of estimating the first term of
Eq. (30) using finite particles, and the deterministic update. They then pro-
posed variants to reduce the randomness and enable stochastic particle resam-
pling, though impractical for real applications. Some other works considered
general approaches to reducing the dimensionality of the kernel to combat
the variance collapse problem. Chen and Ghattas (2020) find a dominating
subspace support of the target Bayesian posterior and run SVGD there.
Gong et al. (2021) introduced a sliced kernelized Stein discrepancy [in a sim-
ilar spirit as the sliced Wasserstein distance (Kolouri et al., 2016, 2019)],
which can be unbiased estimated by a one-dimensional kernel calculation
on a randomly/properly selected direction, which largely reduces the
dimensionality. The resulting ParVI is also shown to outperform SVGD. Liu
et al. (2022) took a step further to make a k-dimensional slice (1 < k£ < m).
The k-dimensional subspace is defined by an optimization problem, which
is solved by simulating a diffusion process on the space of k-dimensional sub-
spaces, called the Grassmann manifold. The Grassmann manifold can be seen
as the quotient space of the Stiefel manifold (all m x k orthogonal matrices)
over the orthogonal group of order «.

There are works that analyzed the impact of kernels on the approximation
power of SVGD convergent particles. Gorham and Mackey (2017) studied the
discriminative power of kernel Stein discrepancy I, x(q) defined in Eq. (39),
which indicates properties of SVGD convergent particles since 1, x(g) con-
verges to zero along SVGD updates (Korba et al., 2020, Cor. 6). They found
I, k(q) detects convergence (i.e., it converges to zero for a g sequence weakly
converges to p) if K is twice continuously differentiable with uniformly
bounded second-order cross derivatives and V logp is Lipschitz with finite
£[2, norm. However for the converse, they found a counterexample that
light-tailed kernels” fail to detect nonconvergence to standard Gaussian
for dimension m > 3. This failure unfortunately applies to common kernels
such as the Gaussian kernel, Matérn kernel, compactly supported kernels,
and inverse multiquadric (IMQ) kernel K™Q(x,y) := (? + || x—y||§)_ﬂ
with g € (1, m/(m — 2)). A choice that guarantees the success of detecting
nonconvergence is an IMQ kernel with g € (0, 1). Liu and Wang (2018) ana-
lyzed the condition for a set of particles to be SVGD convergent, and found
the convergent particles give the exact expectation under p for Stein-operator-
transformed RKHS functions. Implications of this result include that linear

“Formally, this means sup{ max {|K(x.y)]. || V.K(e.) /Y] VK @y)l}:| [lx =yl > r} =
O(rfl/(rm»,
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kernels K(x, x') := x'x + ¢* lead to convergent particles that exactly estimate
the mean and variance of Gaussian distributions, and that a kernel combining
randomly chosen feature maps of another kernel yields O(1/v/N) -close
convergent particles in terms of kernel Stein discrepancy to p.

Liu et al. (2019a) studied the impact of kernel under a dynamics pers-
pective. Under their view of approximate Wasserstein-gradient-flow simula-
tion (Section 4.3.1), the kernel is introduced for the mandatory smoothing
operation for the intractable gradient V log g(x) (see Section 4.5.1 for variants
besides SVGD). Due to the equivalence between smoothing densities and
smoothing functions (Section 4.3.1), they took GFSD (Section 4.5.1) as an
example, which uses kernel density estimation for the particle density,
q(x) ~ gg(x; {x(i>}é\/:l) ::}VZ?]:,K(X,X@). What matters of this kernel
smoothing is that the density update from the resulting particle update
matches that from the exact dynamics dx = —V log ¢(x) dt. The updated par-
ticles after a time step & are {x() — eV logg(x\; {xU) })};> so the resulting

density update is g,,.(x) ~ G(x; {x') — £V log g(x); {xV) }))},)- On the other
hand, the exact dynamics leads to the density update d,q,(x) = qu,(x) from
FPE (6), 50 q,,..(x) = q(x; {x?},) + eV?G(x; {x},). The principle then trans-
lates to the requirement g(x; {x'") — eV logg(x'"; {x1})} ) = g(x; {x},) +
eV2G(x; {x(},), which can be enforced by minimizing the averaged squared
difference over the particles. In the limit ¢ — 0, the objective can be formu-

lated as 457, [V2G(<; £200},) + 55,V,0.d(:0: {x0},) - Vloggx; x| gy
Liu et al. (2019a) applied this objective to select the bandwidth parameter o of
a Gaussian kernel,”®* which achieves an attractive well-aligned pattern that
ameliorates particle collapse.

Wang et al. (2019) made a generalization of SVGD that uses a matrix-
valued kernel K(-, -), which is a symmetric matrix-valued function K(x, x’)
= K, x)' that is positive-definite everywhere. They solved Eq. (27) for
the optimal vector field in the associated vector-valued RKHS Hg of the ker-
nel, which is correspondingly defined as the linear space of vector-valued
functions {ZIK (-, x(’>)a<l)} (every a” is a vector; summation over a count-
able index set) with inner product <Z]K( xS K (- ,y<”>)ﬂ(1/>>H =

K
Zl,,,a(’ﬁK(x(l),x(ll))ﬂw) (cf. Section 4.1). The corresponding reproducing
property is (f(-),K(-,x)e),, =a'f(x). The resulting matrix-valued SVGD
vector field is:

V[SVGD’K(X) = ]Eq[(_xl) [K(x,x’)vx/ logp(x/) + vx’ . K(.X,X/)]~

2m+4

“For optimizing bandwidth o, they divided the objective by ¢ to make a dimensionless

objective.
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Apparently, K(-, -) = K(-, -)I,, recovers the previous vector-valued RKHS
Hxg = H™ and the SVGD vector field equation (29). The general formulation
includes message-passing/graphical SVGD (Wang et al., 2018; Zhuo et al.,
2018) and mirrored SVGD (Shi et al., 2022) that came afterward. They made
a discussion on the choice of K by using the induced kernel under a geometric
transformation, and proposed a second-order method that is cheaper than
Newton SVGD (Detommaso et al., 2018).

5 Conclusion

In this chapter we have reviewed the geometry consideration in sampling
methods, including MCMC and ParVI methods, which are among the major
tools for Bayesian inference. This is directly required when latent variables
are defined on a manifold to better reflect the data structure/semantics. We
have shown how MCMC and ParVI methods on manifolds are developed
and simulated to solve the inference task of such latent variables. These meth-
ods also enable leveraging information geometry, which endows the latent
space with a metric on the likelihood distribution, and leads to a faster conver-
gence. Particularly for ParVI methods as a formulation of variational infer-
ence, a geometric interpretation as the gradient flow of the KL divergence
on certain abstract distribution manifolds can be coined. This inspires various
analysis and methods of ParVI, and also connects ParVI with MCMC which
benefits one with techniques of the other. Nevertheless, computation involv-
ing non-Euclidean geometry is often more costly. Dynamics simulation in
the coordinate space requires matrix inversion or higher-order derivatives,
and only a few manifolds have a closed-form expression of geodesic and
exponential map in the embedded space. ParVIs need to find a tractable
approximation to the gradient flow, and the currently prevailing kernel
method is not as effective in high dimensions. Further progress addressing
these issues would enable people to enjoy the benefits of these geometric
methods with less cost.
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